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From this example are X, Y independent?  
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EXAMPLE 24 For fy,y(x, ) = (x + )0, 1y(xMq,1,(»), we found that

X+
X+ 3

i1 %) To.0(»)

for 0 <x < L in Example 12, Hence

1 1 1
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for0<x<1 m
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3.4 -Independence

When we defined the canditional probability of two events in Chap. 1, we also
defined independence of events. We have now defined the conditional distri-
bution of random variables; so we should define independence of random
variables as well.

Definition 15 Stochastic independence Let (X, Xz. ... X) be &
k-dimensional random variable. X, Xs, ..., X, are defined to be
stochastically independent if and only if

Fx, Fxlx) as

PTCNREA T

i

for all xy, X2, .. Xa Iz

Definition 16 Stochastic independence Let (Xi, Xz, ..., X be 2
k-dimensional discrete random variable with joint discrete density func-

GON fxyyoxu(rreen ). Xiy <un Ko re stochastically independent if and
only if
i
St mlXes s ) = l_[l/x((xx) 16y
for all values (i, .. x) Of (X o s Xo)- V4

Definition 17 Stochastic independence Let (X;, .., X,) be a k-dimen-
sional continuous random variable with joint probability density function

Ftpnrlaeevs O Xuy oou Xy are stochastically independent if and only
if
.
JLTE N CORRRPE Ve H‘/x.(X:) an
for all xp, .00 X I
Remark  Often the word “stochastically” will be omitted. I

We saw that independence of cvents was closely related to conditional
probability; likewise independence of random variables is closely related to
conditional distributions of random variables. For example, suppose X and
Y are two independent random variables; then fy, y(x, ¥) = fx(x)/y(y) by defini-
tion of independence; however, fx y(x, y) =fiyx(y|¥)/x(x) by definition of
conditional density, which implics that fy;x(y| x) = fx(); that is, the conditional
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density of ¥ given x is the unconditional density of Y. SO to show that two
random variables are nof independent, it suffices to show that fy;x(y| x) depends
onx.

EXAMPLE 14 Let X be the number on the downturned face of the first
tetrahedron and ¥ the larger of the two downturned numbers in the ex-
periment of tossing two tetrahedra. Are X and ependent? Ob-
viouslynot,since fyy (2| 3) = P[¥ = 2| X = 3] =0 # /() = P[V = 2 =75.

i

EXAMPLE 15 Let fy(x. ) = (e + Vo, y0)o,n0). Are thercfore X
and Y independent? No, since fyx(y|x) = [(x + y)/(x + Hllo,1x(») for
0 < x < L, fypx(y] x) depends on x and hence cannot equal ). /II/

EXAMPLE 16 Let fy y(x, ) = € " g oo, ). X and Y are
independent since
Sxor(x%, ) =€ F0, ap([e™ Lo, (1)) = frl)fx(¥)
for all (x, ). I

Itcan be proved that f Xj. .., X, are jointly continuous random variables,

then Definitions 15 and 17 are equivalent. Similarly, for jointly discrete

random variables, Definitions [5 and 16 are equivalent. It can also be proved
.

that Eq. (15) is equivalent to PLY, € By ...; Xue Bl = [] PLX; € B,] for sets

B, ..., B,. The following important result is easily derived using the above
equivalent notions of independence.

Theorem 3 If X, ... Y, arc independent random variables and
40, ., 94(-) are k functions such that ¥, = gX)
random variables, then ¥, ..., ¥, are independent.





