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Conditional Expectations

EX|Y =y) = Yo BPX =2V =y)= Y 2 pxpwlely)

EXY =9) = [o fenaliis

What does the symbol E(X | V') mean? You can view it as a function
of Y, ie, E(X | Y) = g(Y) with its value at Y =y given by

g(y) =E(X |Y =y).

Therefore E(X | Y) is a random variable. We can talk about its

distribution (HW1, p7) and compute its mean and variance.
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Example 1
E(Y]X) is a r.v., which equals E(Y|X = ) with probability px (z).
That s,
E(Y|X)=0.5 with prob px(0) = 1/4,
E(Y|X)=15 with prob px(1) =1/2,

E(Y|X) =25 with prob px(2) = 1/4.

What's the expectation of the r.v. E(Y|X)?

1 05+(15)(2)+25 6

E[E(Y]X)] = (0.5)%(1.5)%+(2.5)Z - ) ~Sous
which is the same as
oy +miv@itei=2=1s

This is true for any joint dist, E[E(Y|X)] = EY’, due to the iterative

rule for expectation.
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var(XlY) = E[(X -E(X|V)IY]
- [E[x2 —2X -E(X|Y) + m(x\y)z\y}
= E[X2|Y]-2E[X - E(X|Y)|Y] + E[E(X|Y)2|Y]
= E[X?|Y]-2E(X|Y)E(X|Y) +E(X|Y)?
= E(XY) - E(XY)?
= (Conditional 2nd Moment) — (Conditional Mean)?.

Note that (shown on the next slide)

Var(X) = E(Var(X|Y)) + Var(E(X|V))
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Example 2: The joint pdf is
flz,y) =60z%y, 0<az,y<1l, z+y<1, zero, elsewhere.

(JointDistributions.pdf, ConditionalDistributions.pdf)

We have computed the marginal pdf

Ix(z)

30z2(1-2)?, O0<z<1, E(X) = %

frly) = 20y1-p° 0<y<l, EY)=

a) Find the conditional pdf |y (z]y) of X given Y =

fly) _ 8a®
frly) — A-y*

Check fx|y(zly) is a valid pdf wrt : apparently fxy (zly) > 0,

Fxiy (2ly) = O<z<l-y.

[ xvtene= [ - i =1

0
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o X,Y discrete: the conditional pmf of X given Y = y is defined
to be

iy (aly) = PX =2Y=y) _py)

TRY =g wl @70

o Given Y =y, the randomness of X is described by p(z,y) but
p(z,y) is NOT a pmf wrt® @ since 3, , p(x, y) # 1. We need
this normalizing constant py () to make it a valid pmf.

awrt — with respect to





image8.png
o X,Y continuous: the conditional pdf of X given Y =y is
defined to be

f(=y)

Ok fry)>o0.

fxy(zly) =

o Given Y =y, f(z,y) is NOT a pdf wrt =, since
J f(@,y)dz = fy(y) # 1. So we need fy (y) in the denominator
to make it a legit pdf.
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o If X and Y independent,

f=y)
Faav (aly) fr(y)
Ix(@)fv(y) .
= due to independence
= fx(z)
pxy(ely) = px(z)

o In general, X and Y are dependent and then fx|y(zly) # fx (=

Given the extra information that ¥ =y, the distribution of X is

no longer the same as the marginal fx (z).
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of conditional expectation conditioned o

a random varlable. Suppose two

randonm vasisbles X aud Y. To define E(X|Y) we uced the conditional density function. For

1Bis Tt Sy 9) be the Jot density of the pai [, ¥}, Thsn tho conditionsl densiy [y
s deinod

( frt) =0
sovtan=|
[ S0

Thon EB(X) | ¥) i defns 10 b the vandoms varfble that sssigns che value [ A(z) iy (<l &

oy i the conttaions case, and assigns the valne T 4(x) Ly (2ly) i the disctete case.

‘Example. Take the fllawing joint density

1ot
)

]

v =3 oms | oni ot | iz

Fete) | 0a7 [ 022 [oar | 1

Describe the tandomn variable E(V?[X)
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Solution. E(Y*|X =1)

2
- (,)):u 106=1,7 =) = {07007 + @029 + 67009} = 122
r—

o 7

Bx -9 -
So then:

w with probabity P(X = 1) =037
T e with probabity P(X =2) =022

i with probability P(X 01





