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FIGURE 1 x.
‘Sample space for experiment of tossing R
two tetrahedra. First tesahedron,

‘The sample space for this experiment is displayed in Fig. 1. The 16
sample points are assumed to be equally likely. Our objective is to find
Fy,(x, ) for each point (x, y). As an example let (x, ) = (2, 3), and
find F, 2, 3) =PIX<2; ¥<3]. Now the event {X<2 and ¥<3)
corresponds to the encircled sample points in Fig. 1; hence Fy, y(2,3) =
+f5. Similarly, Fy (%, y) can be found for other values of x and y.
Fy,y(x, ) is tabled in Fig. 2. m

We saw that the cumulative distribution function of a unidimensional
random variable had certain properties; the same s truc of a joint cumulative.
We shall list these properties for the joint cumulative distribution function of
two random variables; the generalization to k dimensions is straightforward.

TABLE OF VALUES OF F,r(x)
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‘The sample space for this experiment is displayed in Fig. 1. The 16
sample points are assumed to be equally likely. Our objective is to find
Fy,(x, ) for each point (x, y). As an example let (x, ) = (2, 3), and
find Fy,4(2, 3)=P[X<2; Y<3]. Now the event {X<2 and Y<3}
corresponds to the encircled sample points in Fig. 1; hence Fy, y(2,3) =
5. Similarly, Fy,y(x, y) can be found for other values of x and y.

Fy,y(x, ) is tabled in Fig. 2.

1

We saw that the cumulative distribution function of a unidimensional
random variable had certain properties; the same s truc of a joint cumulative.
We shall list these properties for the joint cumulative distribution function of
two random variables; the generalization to k dimensions is straightforward.

TABLE OF VALUES OF F,r(x)
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Properties of bivariate cumulative distribution function  F(, *)
() F(=c0,y)= lim F(x,y)=0forally, F(x, —0) = lim F(x,y)=0

xamm yamw

forall x, and lim F(x, y) = F(e0, 0) = 1.
ey
3as

(ii) Ifx, <x;and y, <y,, then Px; < X < x55 9, < Y< 3]
= F(x3, y2) = F(xa, 1) = Fxy, y2) + F(xy, 1) 2 0.
(iii) F(x, y) is right continuous in each argument; that is,

lim e+ )= lim Fis,y + o) = F,).
a<hmo

We will not prove these properties. Property (ii) is a monotonicity
property of sorts; it is not equivalent to F(x,, y;) < F(xa, ;) for x; S x,
and y; <.
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Properties of bivariate cumulative distribution function  F(*, *)
F(=00,y)= lim F(x, ) = Oforall y, F(x, —0) = lim F(x,5) =0
2w e
for all x, and lim F(x, y) = F(c0, @)
If x, < x;and y, <y, then Plx, < X< x33 3, < ¥ < 33]
= F(x3, y2) = F(x3, 1) = FOxy, y2) + F(xy, ) 2 0.
F(x, y) is right continuous in each argument; that is,

lim F(x+hy)= lim F(x,y+ k) = F(x,y).

We will not prove these properties. Property (i) is a monotonicity
property of sorts; it is not equivalent to F(xy, ;) < F(x, y) for x, <%
and y, <y,. Consider, for example, the bivariate function G(x, y) defined
as in Fig. 3. Note that G(x,, 31) < Glxz, ;) for x, <x; and y, <y,
yet G(l+al+e)—Gl+el=0)—G(l—gl+0)+G(1—gl—e)=
(1-8)=(1-8)=26—1<0for e <4; 50 G(x, y) does not satisfy property
(ii) and consequently is not a bivariate cumulative distribution function.

Definition 2 Bivariate cumulative distribution function Any function
satisfying properties (i) to (iii) is defined to be a bivariate cumulative
distribution function without reference to any random variables. m

Definition 3 Marginal cumulative distribution function I Fy, y(-, ) is
the joint cumulative distribution function of X and ¥, then the cumulative
distribution functions Fx(*) and Fy(*) are called marginal cumulative
distribution functions. I
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2 JOINT DISTRIBUTION FUNCTIONS 133

Remark Fy(x) = Fy,y(x, ), and Fy(y) = Fy, y(c0,); that is, knowl-
edge of the joint cumulative distribution function of X and ¥ implies
knowledge of the two marginal cumulative distribution functions. (///

‘The converse of the above remark s not generally truc; in fact, an example
(Example 8) will be given in Subscc. 2.3 below that gives an entire family of
joint cumulative distribution functions, and each member of the family has the
same marginal distributions.

We will conclude this section with a remark that gives an inequality
involving the joint cumulative distribution and marginal distributions. The
proof is left as an exercise.

Remark  Fy(x) + F() = | < Fy,y(x, ) < VF@F) for all x, y.
1

22 Joint Density Functions for Discrete Random Variables

If X,. Xy, ..., X, are random variables defined on the same probability space,
then (Xy, X, ..., X,)is called a k-dimensional random tariable.

Definition 4 Joint discrete random variables The k-dimensional ran-
dom variable (X,, X, ..., X,) is defined to be a k-dimensional discrete
randon cariable if it can assume values only at a countable number of
points (X1, X3, ..., x.) in k-dimensional real space. We also say that
the random variables X,. X, ..., X, are joint discrete random variables.
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Definition 5 Joint discrete density function 1f (X;, X;...., X,) is
a k-dimensional discrete random variable, then the joint discrete density
Sunction of (Xi, X .., X,), denoted by fy, x,...x,(*s -+, ) is defined
tobe

Srexneen 5 X200 X = PIX, = X5X, = X35 5 Xy = x,]
for (x1, X2, ., %), @ value of (X;, X, ..., X,) and is defined to be 0
otherwise. n

Remark ¥ fx,,..,x(x1s -+ %) = 1, where the summation is over all
possible values of (X;, . m
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134 JOINT AND CONDITIONAL DISTRIBUTIONS, STOCHASTIC INDEPENDENCE
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FIGURE ¢«

EXAMPLE 2 Let X denote the number on the downturned face of the first
tetrahedronand ¥ thelarger of the downturned numbers in the experiment
of tossing two tetrahedra. The values that (X, ¥) can take on are (1, 1),
(1,2),(1,3), (1,4, 2,2, 2,3), (2,4), (3, 3), (3, 4), and (4,4); hence X and.
¥ are jointly discrete. The joint discrete density function of X and ¥
is given in Fig. 4.
In tabular form it is given as

(x,) '(l,l)‘(lﬂi»(l.])‘(l,iﬁ)‘(z,ﬂ‘(Z,l)|(Z,4)‘(3,J)‘(3,6)‘(4,6)
S| ds | e | s | v | 4 | 15 | 45 | % | % | 4

or in another tabular form as
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134 JOINT AND CONDITIONAL DISTRIBUTIONS, STOCHASTIC INDEPENDENCE
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FIGURE ¢«

EXAMPLE 2 Let X denote the number on the downturned face of the first
tetrahedronand ¥ thelarger of the downturned numbers in the experiment
of tossing two tetrahedra. The values that (X, ¥) can take on are (1, 1),
(1,2),(1,3), (1,4, 2,2, 2,3), (2,4), (3, 3), (3, 4), and (4,4); hence X and.
¥ are jointly discrete. The joint discrete density function of X and ¥
is given in Fig. 4.
In tabular form it is given as

(x,) '(l,l)‘(lﬂi»(l.])‘(l,iﬁ)‘(z,ﬂ‘(Z,l)|(Z,4)‘(3,J)‘(3,6)‘(4,6)
S| ds | e | s | v | 4 | 15 | 45 | % | % | 4

or in another tabular form as
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(x,) '(l,l)‘(lﬂi»(l.])‘(l,iﬁ)‘(z,ﬂ‘(Z,l)|(Z,4)‘(3,J)‘(3,6)‘(4,6)
S| ds | e | s | v | 4 | 15 | 45 | % | % | 4

or in another tabular form as

Theorem 1 If X and ¥ are jointly discrete random variables, then
knowledge of Fy, (-, -) is cquivalent to knowledge of fy, (-, ). Also,
the statement extends to k-dimensional discrete random variables.
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Definition 6 Marginal discrete density I X and ¥ are jointly discrete
random variables, then fy(*) and f;(") are called marginal discrete
density functions. More generally, let X,,...., X, be any subset of the
Jointly discrete random variables X,..... Xyi thenfy,, v, (..., x,)
is also called a marginal density. m

Remark If X,, ..., X, are jointly discrete random variables, then any
marginal discrete density can be found from the joint density, but not
conversely. For example, if X and ¥ are jointly discretc with values
(10 31), (2 2), ..., then

)= ¥ frx(xi,y)  and S00= 3 forcuyd. Il

wZai i)

Heretofore we have indexcd the values of (X, Y) with a single index,
namely . That is, we listed values as (1, ). (£ Y2 .- (Xis %), .. . The
values of (X, ¥) could also be indexed by using scparate indices for the X and ¥
values. ~ For instance, we could let i index the possible X values, say xi, ...,
;... and j index the possible ¥ values, say yy, ..., ;. ... Then the values
of (X, ¥) would be a subset of the points (x;, ») fori=1,2,...andj = 1,2,....
I this latier method of indexing is used, then the marginal density of X is
obtained as follows:

Jxx) = );/x, ¥ ),

where the summation is over all y, for the fixed x,.. The marginal dens
is analogously obtained. The following example may help to clarify these two
different methods of indexing the values of (¥, ¥).

EXAMPLE 3 Return to the experiment of tossing two tetrahedra, and define
X as the number on the downturned face of the first tetrahedron and ¥ as

07:335 la
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Sdx) );fx, ¥x ),

where the summation is over all y, for the fixed x,. The marginal density of ¥
is analogously obtained. The following example may help to clarify these two
different methods of indexing the values of (¥, ¥).

EXAMPLE 3 Return to the experiment of tossing two tetrahedra, and define
X as the number on the downturned face of the first tetrahedron and ¥ as
the larger of the numbers on the two downturned faces. The joint

T,

o
M

-




image16.png
=) MGEChap4JointAndConditDistributions pd - Adobe Reader

[Fle Edt View Document Toos Vindow Fielp

density of X and Y is given in Fig. 4. The values of (X, ¥) can be listed
as (1, 1), (1,2), (1, 3), (1,4), 2, 2), 2, 3), 2, 4), 3, 3), 3, 4), and (4, 4),
10 points in all. Or, if we note that X has values 1, 2, 3, and 4; ¥ has
values 1, 2, 3, and 4; and Y is greater than or equal X, the values of
(X, Y)are {(,)): j=1,...,4;and i< j}. Let us use each
of these methods of indexing to evaluate Fy, y(2, 3) from the joint density.
‘Under the first method of indexing,
Fry23)= ¥ frilnr)

(s Ess)

=frr(l, D+ fx,x(1,2)

+ e, (1 3+ /2 D+ S 2D =5

Under the second method of indexing,

Fra@. )= &, Hfertih =t
imilarly, all other values of Fx,y(, *) could be obtained. Also
53 b E”fx,,(x.,y.) =fxx(1,3) + f,v(2,3) + /3,13, 3)
et de=e

, and fy(4) = 1, which together with
5 give the marginal discrete density function of ¥. m

EXAMPLE 4 We mentioned that marginal densities can be obtained from

the joint density, but not conversely. The following is an example of
family of joint densities that all have the same marginals, and hence we
see that in general the joint density is not uniquely determined from
knowledge of the marginals. Consider altering the joint density given
in the previous examples as follows:

[
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For each 0 < & <k, the above table defines a joint density. Note that
the marginal densities are independent of ¢, and hence cach of the joint
densities (there is a different joint density for each 0 < ¢ <%) has the
same marginals. I

‘We saw that the binomial distribution was associated with independent,
repeated Bernoulli trials; we shall see in the example below that the multinomial
distribution is associated with independent, repeated trials that generalize from
Bernoull trials with two outcomes to more than two outcomes

EXAMPLE 5 Supposc that there are k + I (distinct) possible outcomes of a

trial. Denote these outcomes by vy, vz, -+, sy, and let p; = Py,

1o k+ 1. Obviously we must have 3 p; = I, justas p+g = I in

the binomial case. Suppose that we repeat the trial n times. Let X,
denote the number of times outcome , occurs in the A trials,

I, ey k+ 1. IF the trials are repeated and independent, then the
discrete density function of the random variables X, .., X, is

I CIR )

ret
where x; nand ¥ x;=n Notethat X,

To justify Eq. (1), note that the left-hand side is P,

Xiey = Xu4]; 50, We want the probability that the n trials result in

exactly 3, OULCOMES 4, exactly x; outcomes s ..., exactly Xy outcomes

-
o

Ynmm
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Definition 7 Multinomial distribution The joint discrete density func-
tion given in Eq. (1) s called the multinomial distribution. il

The multinomial distribution is a (k + 1) parameter family of disiri-
butions, the parameters being n and py, pa, -.v P pusy is, like g in the
binomial distribution, exactly determined by pyyy = | —py = py =+ —py. A

T,

o
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FIGURE 5 x{

‘particular case of a multinomial distribution is obtained by putting, for example,
n=3,k=2p =2 andp, =3 toget

3

Frnlen 1) =J0 XD = sy

(2P
‘This density is plotted in Fig. 5.

We might observe that if Xy, Xs. ..., X, have the multinomial distribu-
tion given in Eq. (1), then the marginal distribution of X, is a binomial dist
bution with parameters n and p;. This observation can be verified by recalling
the experiment of repeated, independent trials. Each trial can be thought of
as resulting cither in outcome o or not in outcome o, in which case the trial is
Bernoulli, implying that X, has a binomial distribution with parameters n and p;.

2.3 Joint Density Functions for Continuous Random Variables

gz, ||

Ynmm
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2.3 Joint Density Functions for Continuous Random Variables

Definition 8 Joint continuous random variables and density function The
k-dimensional random variable (X,, X; 4 X,) is defined to be a
K-dimensional continuous random tariable if and only if there exists a
function fi,,.., (" +++» *) > 0 such that

Frvanneo i) = [ o[ frponlt e ) duy o diy @)

for all (xy, +es X). fiyum*s --o» ) IS defined to be a joint probability
density function. m

ogst, ||
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JOINT DISTRIBUTION FUNCTIONS 139

As in the unidimensional case, a joint probability density function has
two properties:

@ SrppniEis s ) 2 0.
O3 Y R

A unidimensional probability density function was used to find proba-
bilitis. For example, for X a continuous random variable with probability
density /y(-), Pla < X < b] = [2f(x) dx; that is, the area under fy(*) over the
interval (a, b) gave Pla < X <b]; and, more generally, P[X € B] = [,fx(x) dx;
that is, the area under fy() over the set B gave P[X € B]. In the two-dimen-
sional case, colume gives probabilities. For instance, let (X;, X;) be jointly
continuous random variables with joint probability density function
Sxi,x.(%1, %2), and let R be some region in the x,x, plane; then P[(X,, X,) € R]
= [[fx.x®1s %2) dx, dxy; that is, the probability that (X,, X;) falls in the

region R is given by the rolume under fy,, x,(-, ) over the region R. In particu-
larif R = {(x,, X;): @, <x; < b;; 0, <x; < by}, then

O R R [T P

A joint probability density function is defined as any nonnegative integrand
satisfying Eq. (2) and henee is not uniquely defined.

EXAMPLE 6 Consider the bivariate function

08:56 5 la

Ynmm
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T, 5%, %), anQTet R b Sorie region in the ,; plane; then P(X,, Xp) & R]
= [[fuw.xx1» X2) dxy dxy; that is, the probability that (X,, X;) falls in the

region R is given by the rolume under fy,, x,(-, ) over the region R. In particu-
larif R ={(x, X;): @ <x, < by; a3 <x, < by}, then

Pla,<X,Sbja,<X,sby]

-

[J:‘/x‘.x,(Xh mdx,] dx,.

A joint probability density function is defined as any nonnegative integrand
satisfying Eq. (2) and henee is not uniquely defined.

EXAMPLE 6 Consider the bivariate function

S0 ) = K+ 90,10 0,1(9) = K(x + )y, ),

where U'={(x, »): 0<x<1 and 0<y<1}, a unit squarc. Can the
constant K be selected 5o that f(x, ) will be a joint probability density
function? If K is positive, /(x, ) = 0.

I I ki yyaxy= '[' _['K(x +y)dxdy
o
=K_|;f()<+y)dxdy

-k [@+ndy

=K@ +4
=1

080, ||

Ynmm
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FIGURE 6 "

for K=1. S0 f(x, 3) = (x + »)lo,y(Mo,y0) s a joint probability
density function. It is sketched in Fig. 6.

Probabilities of events defined in terms of the random variables can
be obtained by integrating the joint probability density function over the
indicated region; for example

-
PO<X<y0<Y<il=] [(x+ndxdy

0005, ||
Ynmm
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‘Probabilities of cvents defined in terms of the random variables can
be obtained by integrating the joint probability density function over the
indicated region; for example

-
PO<X<y0<Y<il=] [(x+ndxdy

:ﬁ0+ﬂw
o
=drtak
=4
which is the volume under the surface z = x + y over the region {(x, ):
0<x<4;0<y<4)in the xy plane. m

Theorem 2 1f X and Y are jointly continuous random variables, then
knowledge of Fi, (-, *) is equivalent to knowledge of an fx, (-, ). The
remark extends to k-dimensional continuous random variables.

PRooF For a given fy,s(", ) Fr,y(x, ») is obtained for any
(x,5) by

Faasn) =] [ S0y dudo.

EN

A EmO

090
Ynmm
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for x,  points, where Fy, y(x, ) is differentiable. i

Definition 9 Marginal probability density functions If X and Y are
jointly continuous random variables, then /() and fy(-) are called
marginal probability density functions. More generally, let X,,, ..., X,
be any subset of the jointly continuous random variables X,, ..., X,
St ay i -2 %1,) i called a marginal density of the m-dimensional
random variable (X;,. .., X;,).

Remark If X,, ..., X, are jointly continuous random variables, then
any marginal probability density function can be found. (However,
knowledge of all marginal densities does not, in general, imply knowledge
of the joint density, as Example § below shows.) 1f X and ¥ are jointly
continuous, then

K=" Sty amd f0=[" i @

since

A=A ]

dx dx

[ ([ s as) ] = st
i
EXAMPLE 7 Consider the joint probability density
) = &+ D )

0w1s, ||

Ynmm
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EXAMPLE 7 Consider the joint probability density
Tir9) = (54 Moo, 0
Frox(s,9) = o100 0,00) [ [ + 0 du do

+la e, [ [0+ 0 du o

+li 0 [ [ o) dudo

+ oD, ()
= HOY + 270,150, 1(0) + O + )0, 1)1, ()
+0 + P, a0, 50 + T, (g1, ()

09185
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A= [ feate 9y

y
=lo.® [[x+ 9 dy

=(x+ Dl nx);

Fr.(x, ©)

al
Sy = TR

_ R
T

3 (4
-loa@ 2 (55)

=+ Dlo.nx)- n

EXAMPLE 8 Let fy(x) and f;(y) be two probability density functions with
corresponding cumulative distribution functions Fi(x) and Fy(y), respec-
tively. For —1 <a< 1, define

Seorx, p3a) =Ll S + af2Fx(x) = 1[2F () = 1]}. @

We will show (i) that for cach a satisfying —1 < a < I, fr,y(x, y: ) is 2
joint probability density function and (i) that the marginals of fy, ,(x. y; @)
are fy(x) and fy(y), respectively. Thus, {fx,y(x,y;@): =1 s a < I} will be
an infinite family of joint probability density functions, each having the
same two given marginals. _To verify (i) we must show that £y y(x. y; @)

09265
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1 We will show () that for each  satisfying — 1 <a < I, /y,y(x, y: @) is & B
1 joint probability density function and (i) that the marginals of fy, ,(x. y; @) -
1 are x(x) and £,(y), respectively. Thus, {fy, y(x, 3 0): —1 s < 1} will be P

an infinite family of joint probability density functions, each having the
same two given marginals. To verify (i) we must show that fi, y(x. y; @)

is nonnegative and, if integrated over the xy plane, integrates to 1.
| SISO +al2F0 — 12F) — 1120
12 ~al2F,0) = RRO) - 1;
but &, 2Fy(x) — 1, and 2Fy(y) — 1 are all between —1 and 1, and hence
also their product, which implies fy, y(x, y; @) is nonnegative. Since
| 1= 7 pwas= [ (7 fatoion ) v
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I it suffices to show that fy(x) and fy(y) are the marginals 01 /x, y(x, ¥; @)-

I frtsyindy

J7 SHRON + of2F 0 = TI2FY0) = 1D dy

1560 | A0V dy + i 2Fse) = 1] ) = 10y
—f@,  notingthat [ RFy ()= 1150)dy

0

'

=[@u-nd
o

by making the transformation u = Fy(y). i

3 CONDITIONAL DISTRIBUTIONS AND
STOCHASTIC INDEPENDENCE

In the preceding section we defined the joint distribution and joint density
functions of several random variables; in this section we define conditional
distributions and the related concept of stochastic independence. Most defini-
tions will be given first for only two random variables and later extended to k
random variables.

3.1 Conditional Distribution Functions
for Discrete Random Variables

Definition 10 Conditional discrete density function Let X and ¥ be
jointly discrete random variables with joint discrete density function

Jyrls *). The conditional discrete density function of Y given X =x, Ul
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10

jointly discrete random variables with joint discrete density function
Fux(, *). The conditional discrete density function of ¥ given X =x,
denoted by fyx( |x), s defined t0 be

Sxlx)

if f(x) > 0, where fy(x) is the marginal density of X cvaluated at x.
Jual |%) is undefined for fx(x) =0. Similarly,

S0 = ®)

Frntaly) = LAED

it £4(0) >0.

026, ||
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OOy OISCrete- TAMUOnT VATTABleS by recalling the close relationship

between discrete density functions and cumulative distribution functions.

Definition 11 Conditional discrete cumulative distribution If X and ¥
are jointly discrete random variables, the conditional cumulatice distribu-
tion of Y given X = x, denoted by Fyjy(-|x),is defined to be Fyyy(y]x) =
PIY < y|X = x]for f(x) > 0. n

Remark  Fy,, . ) ’/mu,rx). I

EXAMPLE 9 Return to the experiment of tossing two tetrahedra, Let X
denote the number on the downturned face of the first and ¥ the larger
of the downturned numbers.  What is the density of ¥ given that X = 27

-
-

Ynmm
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Definition 12 Conditional discrete density function ~Let (X;,

a k-dimensional discrete random variable, and let Xi,

Xjpe .. X, be two disjoint subsets of the random variables X,
The conditional density of the r-dimensional random variable (X;,, ..
given the value (x;,, ..., %) Of (X, ..., X, is defined to be

[ LT T CTRRSRPE 1 NSRS )

i X X Kinn

F N TR R ]

EXAMPLE 10 Let X,, ..., X; be jointly discrete random variables. Take
=2, (X, Xi) = (X, Xa), and (X, X;,) = (X3, Xs); then

Lo 2, xX10 X, X3, X5)

o xaixs, xsXi X2 X35 %) R

-

10075
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wherex; =0, 1,2,3, or4and i =1, ..., 4, subject to the restriction that
T xi< 12, There are a large number of conditional densites associated
‘with this density; an example is

S xaxex(%2s Xelx1, x3)

LR /()
() )(,z_xf-n)/(fi)
)
(\2 x,—x;)

where x, =0, 1, ..., 4 and x; +x, S 12— x, = x,.

Conditional Distribution Functions
for Continuous Random Variables

Definition 13 Conditional probability density function Let X and ¥
be jointly continuous random variables with joint probability density
function fy,(x, ). The conditional probability density function of ¥
given X = x, denoted by fy (- |x), is defined to be
Jferxy)
aly]x) = Zr2
Saxyl VAT
if /x(x) >0, where fx(x) is the marginal probability density of X, and is
undefined at points when fy(x) =
Similarly,

m

Sx.v(x.y)

1926
Ynmm
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Similarly, )
)
f,,m\ym% tho>o  ®
and is undefined if fy(y) =0 I

Sux(:|x) is called a (conditional) probability density function and hence
should possess the properties of a probability density function. fyx(+|) is
clearly nonnegative, and

I° oty =" %},@
¥ L
_hG

S
“r w1
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“Watural way.

Definition 14 Conditional continuous cumulative distribution 1 X and
¥ are jointly continuous, then the conditional cumulative distribution of ¥
given X = x is defined as.

,
Fratl9= [ funteln)d

for all x such that fy(x) > 0.

EXAMPLE 12 Suppose fy, y(x, ) = (x + )0, ()0, 1,9)-

@+ oWl 0) 3 +y

R e P

To.1,0)

for0<x<I. Note that
Fual0 = fuxtel ) de
sxiz, 1 p
- el
ox+1 x+3do
i

=T fro<y<t I

(e +2)ds

Conditional probability density functions can be analogously defined for
k-dimensional continuous random variables. For instance,
ot xS %0 0 %)
2. Xl X3, Xs(X10 X2y Xg| X3, Xg) =Freuintelich 21230 40 030
Srumxinnd > Teorsea: %)

£or fi,, w31 X5) > 0.

198,
Ynmm
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EXAMPLE 14 Let X be the number on the downturned face of the first
tetrahedron and ¥ the larger of the two downturned numbers in the ex-
periment of tossing two tetrahedra. Are X and ¥ independent? Ob-
viouslynot,since fyx(2|3) = P{Y = 2| X = 3]= 0 # /,(2) = PLY = 2] = 5.

Il

EXAMPLE 15 Let fy,y(x, y) = (x + )Mo, 1()0,1f»). Are therefore X
and ¥ independent? No, since fy;x(»|x) = [(x + )/(x + Do, 1(») for
0 < x <1, fyx(y|x) depends on x and hence cannot equal fy(y). "

EXAMPLE 16 Let fx,y(x, ) =€™"* "o, (x)lo, (). X and ¥ are
independent since
Sxox(x3) = [0, )X 0, 0)(M)] = Sx(s )
for all (x, ). 1

Itcan be proved that if X,. ... X, are jointly continuous random variables,
then Definitions 15 and 17 are equivalent. Similarly, for jointly discrete
random variables, Definitions 15 and 16 are equivalent. It can also be proved

L
that Eq. (15) is equivalent to PLX, € By; ...; X, B] = [| PLX, € B] for scls

By, ..., B,. The following important result is easily derived using the above
equivalent notions of independence.

Theorem3 If X,, ..., X, arc independent random variables and
i), .., @u(") are k functions such that ¥, = g,(X,), j=1, ..., k are
random variables, then ¥, ..., ¥, are independent.

PROOF Note that if g7'(B)={z: gz)eB}), then the cvents

11495
rnmm
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T Tandom variables, Definitions 15 and 16 are equivalent. T can also be proved
.
Xee Bl =[] PLX € B] for sets

By, ..., B,. The following important result is easily derived using the above
equivalent notions of independence.

that Eq. (15) is equivalent to P[X, € B;;

Theorem3 If X, ..., X, are independent random variables and
80). -, ai(*) are k functions such that ¥, = g,(X), j= 1, ..., k are
random variables, then ¥, ..., ¥, are independent.

Proor Note that if g'(B) =(z: g()e B,), then the events
{¥,€B;}and {X, € gj"(B)} are equivalent; consequently, P[Y, € B,; ...

Yie Bl=PIX, €gi'(B); ... i Xieg'(BY] l'[lP[XJEy]'(B,VJ

R
= [1pves) m
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4.1 Definition

Definition 18 Expectation Let (X,,..., X;) be a k-dimensional ran-
dom variable with density fx,,.., x( *). The expected value of a
function g(", ..., *) of the k-dimensional random variable, denoted by
89X, .., X)), is defined to be

P C AR 3 CRSEAY AN a

if the random variable (X;, ..., X,) is discrete where the summation is
over all possible values of (X;, ..., X,), and

Sl9(Xyy s X))

[

B RS AR PR )

if the random variable (X, .., Xi) is continuous. i
In order for the above to be defined, it is understood that the sum and
‘multiple integral, respectively, exist.
Theorem 4 In particular, if g(xi, ..., %)
SlgXy, s XOT = E1Xi] = iy, @0)

pRooF  Assume that (X, ..., X,) is continuous. [The proof for
Xy, Xy discrete i similar.]

X, . . cdxn

-

17s
Ynmm
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| using the fact that the marginal density fy,(x,) is obtained from the joint =
1 density by
L Sron s s iy dr m
Similarly, the following theorem can be proved. S

Theorem 5 If g(x,, -..., x) = (x, — SIX;)?, then

Slg(X, -, X = 81X, — S[X,]D?] = var [X]. I
‘We might note that the “expectation™ in the notation 6[X] of Eq. (20)
has two different interpretations; one is that the expectation is taken over the
joint distribution of X,, ..., X, and the other is that the expectation is taken
over the marginal distribution of X,. What Theorem 4 really says is that
these two expectations are equivalent, and hence we are justified in using the

same notation for both.
EXAMPLE 18 Consider the experiment of tossing two tetrahedra. Let X
be the number on the first and ¥ the larger of the two numbers. We gave P

the joint discrete density function of X and ¥ in Example 2.
SIXY] =5 39fx,4(x, )

1) + 1220 + 1-369) + 1+ 4(g)
+2°26) + 2+ 3ekg) + 2+ 4(4%9) + 3+ 3(%)
+3-49) +4-4(%)

EIX+ Y] =(1+ D + (1 + 25 + (1 + 3 + (1 + 4
@+ Dfe+ 2+ D+ 2+ A + B+ Iy
FO+ @+ =13
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EIX+ Y] =(1+ D + (1 + 25 + (1 + 3 + (1 + 4
+Q+2FH+C+ N+ Q2+ + 0+
F B+ + G+ =33

8[X] =4, and 8[¥] = {3; hence S[X + ¥] = 6[X] + £ ¥].

EXAMPLE 19 Suppose fy, y(x, ¥) = (x + Mo, 1,(®);0, 1,(9)-

£1XY) = ]n' ley(x +y)dxdy=4.

)
X+ ¥1= [ [ ot e+ dray =3,
(X1 =81Y] = ;.

20,0 |

NNV
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EXPECTATION 155

EXAMPLE 20 Let the three-dimensional random variable (X, X;., X;) have
the density
Jxixaxi(Xn0 X20 X3) = 8%1%2 %3 Lo, (310, n(x2) 0, 1(X3)-

Suppose we want to find (i) £[3X, +2X, +6X,], (i) 61X, X;X,], and
(i) X, X2). For (i) we have g(xi, X3, ¥3)=3x +2x; +6x; and
obtain

8[g(X,, Xz, Xp)] = 63X, +2X, +6X,]
=3 8 I8 Gx, + 2x; + 6x3)8x,x; x3 dx, dx; dxy =32,
For (ii), we get
SIX X2 X1 =4 Ji Jo 8x7x2% x; dx dx; dxy =y,
and for (iii) we get £1X, X,] = 4. 1

The following remark, the proof of which is left to the reader, displays
property of joint expectation. It is a generalization of (i) in Theorem 3 of
Chap. 11

Remark é[it.ﬂ.(){..-»»»X.)]=)3¢,ﬂg;(X.r -, X)) for constants
P m

Covariance and Correlation Coefficient

Definition 19 Covariance Let X and ¥ be any two random variables
defined on the same probability space. The covariance of X and ¥,

1208,0 |

NNV
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B 4.2 Covariance and Correlation Coefficient

Definition 19 Covariance Let X and Y be any two random variables
defined on the same probability space. The covariance of X and Y,
denoted by cov [X, Y] or gy, y, is defined as

cov [X, Y] = El(X — ux)(Y—py)] @n
provided that the indicated expectation exists. Y/

Definition 20 Correlation coefficient The correlation coefficient, de-
noted by p[X, Y] or py,y, of random variables X and Y is defined to be

_eovix 7]

px,
" ogey

22)

provided that cov [X, Y], oy, and oy exist, and 6x >0 and oy >0. [///
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L} Remark  cov [X, Y] = &[(X — ux)(Y — py)l = E[XY] — gty
PROOF  E[(X = ) (Y — )] = E[XY — iy Y—piy X + piy pty]
=8[XY] = ux ELY] = py 6[X] + pxpty
=6[XY]— uxpy. 1

EXAMPLE 21 Find py, y for X, the number on the first, and Y, the larger of
the two numbers, in the experiment of tossing two tetrahedra. We would
expect that py,y is positive since when X is large, Y tends to be large too.
We calculated §[XY], 6[X], and &[Y] in Example 18 and obtained
EIXY] =178, 6[X] =4, and 6[Y] =43, Thus cov [X,Y] = Jﬁ—%'-{—&
=12 Now &[X?] and &[ Y’] =g, hence var[X]=% and
var[Y]=33. So,

i

EXAMPLE 22 Find py,y for X and Y if fy, y(x, y) x4+ o, 10, 1y(¥)-
We saw that g[xy]_ 4 and 6[X]=6[Y] =% i
6[X?*] = 6[Y?] = %; hence var [X] = var [Y] ““. Finally
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4.3 Conditional Expectations

In the following chapters we shall have occasion to find the expected value
of random variables in conditional distributions, or the expected value of one
random variable given the value of another.

Definition 21  Conditional expectation Let (X, Y)be a two-dimensional
random variable and g(+,), a function of two variables. The conditional
expectation of g(X,Y) given X =x, denoted by &[g(X,Y)| X = x], is
defined to be
Sl NIX=x1=[ g Nfin0l0dy @)
-

if (X, Y) are jointly continuous, and

ElgX V)X =x1=F g0 y)frix(;1%) 24
if (X, Y) are jointly discrete, where the summation is over all possible
values of ¥. m

In particular, if g(x, y) =y, we have defined &[Y|X =x]=¢&[Y]|x].
&[Y|x] and &[g(X, Y)|x] are functions of x. Note that this definition can be
generalized to more than two dimensions. For example, let (X, ..., X,
Y, ..., Y,,) be a (k + m)-dimensional continuous random variable with density
o ¥n(XLs oo o0 Xis Pis -0 V) then
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EXAMPLE 23 In the experiment of tossing two tetrahedra with X, the
number on the first, and Y, the larger of the two numbers, we found that

£3 fory=2
Sra|2)= {4 fory=3
3 fory=4

inExample9. Hence6[Y|X =2]=Y yfyx(y|X=2)=2-3+3-4+4-4
Y i
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EXAMPLE 24 For fy, y(x, ») = (x + »)0,1y(x) 0, ,)(y), we found that

Sralx) = I(o n)

for 0 < x < 1in Example 12. Hence

5[y|x=x]=j;y;—ndy= ! (’-‘+1)

for0<x<l. n

As we stated above, &[g(Y)|x] is, in general, a function of x, Let us
denote it by A(x); that is, h(x) = &[g(Y)|x]. Now we can evaluate the expecta-
tion of A(X), a function of X, and will have &[A(X)] = &[E[g(Y)| X]).

This gives us
S16lg(Y)| X1] = 6[h(X)] = f_wh(x)fx(x) dx
=] somixpxax

= I {17 oot r]acor s

=717 a0 1) dy dx
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= STgN.

Thus we have proved for jointly continuous random variables X and Y
(the proof for X and Y jointly discrete is similar) the following simple yet very
useful theorem.

Theorem 6 Let (X, Y) be a two-dimensional random variable; then
8lg(V)] = &161g(Y)| X1}, (25
and in particular
&[Y]=8[e[Y] X]). (26)
nt

Definition 22 Regression curve &[Y|X =x] is called the regression
curve of Y on x. Itis also denoted by pyjx=x=pys- [/
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2 JOINT DISTRIBUTION FUNCTIONS

In the study of many random experiments, there are, o can be, more than one
random variable of interest; hence we are compelled to extend our definitions
of the distribution and density function of one random variable to those of
several random variables. Such definitions are the essence of this section,
is the multivariate counterpart of Secs. 2 and 3 of Chap. IL. A in the
univariate case we will first define, in Subsec. 2.1, the cumulative distribution
function. _Although it is not as convenient to work with as density functions,
it does exist for any set of k random variables. Density functions for jointly wJuiAppr.
discrete and jointly continuous random variables will be given in Subsecs. 2.2
and 2.3, respectively. .
Chapter pdf

2.1 Cumulative Distribution Function

Definition 1 Joint cumulative distribution function Let X, X;.....X,
be k random variables all defined on the same probability space
(@, o, P')). ‘The joint cumulative distribution function of X, X

denoted by Fy,....x("s .. ), is defined as P[X, < xi3 .5 X, < 3] for .
all (xy, X0 e X0 i —

Thus a joint cumulative distribution function is a function with domain
euclidean k space and counterdomain the interval [0, 1]. If k =2, the j
cumulative distribution function is a function of two variables, and so
domain is just the xy plane.

EXAMPLE | Consider the experiment of tossing two tetrahedra (regular
four-sided polyhedron) each with sides labeled | to 4. Let X denote the.
number on the downturned face of the first tetrahedron and ¥ the larger

12575
Tnmm

B % 0
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EXAMPLE | Consider the experiment of tossing two tetrahedra (regular
four-sided polyhedron) each with sides labeled 1 to 4. Let X denote the
number on the downturned face of the first tetrahedron and ¥ the larger
of the downturned numbers.  The goal i to find Fy, (-, *), the joint cu-
mulative distribution function of X and Y. Observe first that the random
variables X and ¥ jointly take on only the values

.1, (1,2), (1,3). (1. 4),
2,2),(2,3),(2,4),
(.3,0.4),
@4
(The first component is the value of X, and the second the value of ¥.)

o1, [
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