6.2 Transforms of Derivatives and Integrals.
ODEs

THEOREM 1

PROOF

THEOREM 2

EXAMPLE 1

The Laplace transform is a method of solving ODEs and initial value problems. The crucial
idea is that eperations of calculus on functions are replaced by operations of algebra
on transforms. Roughly, differentiation of f(f) will correspond to multiplication of ¥(f)
by s (see Theorems | and 2) and insegration of f(f) to division of £(f) by 5. To solve
ODEs, we must first consider the Laplace transform of derivatives.

Laplace Transform of Derivatives

The transforms of the first and second derivatives of f(1) satisfy

¢)) LG = sL(f) — £(0)
@) L") = s2L(f) — sFO) — £'(0).

Formula (1) holds if f(1) is continuous for all t Z 0 and satisfies the growth restriction
(2) in Sec. 6.1 and £'(1) is piecewise continuous on every finite interval on the semi-
axis t = 0. Similarly, (2) holds if f and f' are continuous for all t = 0 and satisfy
the growth restriction and f" is piecewise continuous on every finite interval on the
semi-axis t Z 0.

We prove (1) first under the additional assumption that f' is continuous. Then by the
definition and integration by parts,

o0

E(F) = J; St (1) dt = [e=*H(0)]

==}

+ st £(7) db.
Jte fo ¢St (1) dt

Since f satisfies (2) in Sec. 6.1, the integrated part on the right is zero at the upper limit
when s > k, and at the lower limit it contributes —f(0). The last integral is L(). It exists
for s > k because of Theorem 3 in Sec. 6.1. Hence Sﬂ(f’) exists when s > & and (1) holds.
If f' is merely piecewise continuous, the proof is similar. In this case the interval of
integration of f* must be broken up into parts such that ' is continuous in each such part.
The proof of (2) now follows by applying (1) to #” and then substituting (1), that is

(") = sL(f) — £(0) = ssL() — FO) = s>L(f) = sf(0) = f'(0). n

Continuing by substitution as in the proof of (2) and using induction, we obtain the
following extension of Theorem 1.

Laplace Transform of the Derivative ! of Any Order

Let f, f', <+ +, F 2 be continuous for all t = 0 and satisfy the growth restriction
(2) in Sec. 6.1. Furthermore, let f™ be piecewise continuous on every finite interval
on the semi-axis t Z 0. Then the transform of f™ satisfies

@) L) = L) — STHO) — 2O — - = £

Transform of a Resonance Term (Sec. 2.8)

Let f(r) = rsin wt. Then f(0) = 0. () = sin wr+ wrcos wf, £(0) =0, f* = 2w cos wr — > sin wz. Hence
by (2),

5

2+ o

Py = 20 — 2L = 2L, thus L) = L sin wh) =

2ws
2+ mz)a ’



EXAMPLE 2

THEOREM 3

PROOF

EXAMPLE 3

Formulas 7 and 8 in Table 6.1, Sec. 6.1

This is a third derivation of $(cos wf) and £(sin wr); cf. Example 4 in Sec, 6.1. Let () = cos wr. Then
FO)=1,1'(0)=0, £"(t) = =& cos wt. From this and (2) we obtain

" = 52,58(} y— 5= -t L(F) By algebra, Llcos wn = - .
£+t
Similarly, let ¢ = sin wt. Then g(0) = 0, ¢’ = w cos wt, From this and (1) we obtain

Pe") = 5s%(g) = w¥(cos wr).  Hence  Lfsinwh) = —(;-.,‘:E(cos o) = 'ﬁg .

Laplace Transform of the Integral of a Function

Differentiation and integration are inverse operations, and so are multiplication and division.
Since differentiation of a function f(f) (roughly) corresponds to multiplication of its
transform L(f) by s, we expect integration of f(f) to correspond to division of £(f) by s:

Laplace Transform of Integral

Let F(s) denote the transform of a function f(£) which is piecewise continuous for
t 2 0 and satisfies a growth restriction (2), Sec. 6.1, Then, for s > 0,5 > k, and
>0,

¢ ¢
)] §EUU f(7) d*r] = %F(s), thus fn f(7) dr = 58'1{%F(s)} .

Denote the integral in (4) by g(¢). Since f(f) is piecewise continuous, g(f) is continuous,
and (2), Sec. 6.1, gives

= J:|f('f)| dT‘éMf:e"'dr: %(a"t -ns= -ﬂ—:—gk‘ (k> 0).

86| = ’ fo f(n) dr

This shows that g(f) also satisfies a growth restriction. Also, g'() = f(f), except at points
at which £(#) is discontinuous. Hence g'(f) is piecewise continuous on each finite interval
and, by Theorem 1, since g(0) = 0 (the integral from 0 to 0 is zero)

LN} = £{g'H) = sL{5()) — 80) = sL{g)}.

Division by s and interchange of the left and right sides gives the first formula in (4),
from which the second follows by taking the inverse transform on both sides. |

Application of Theorem 3: Formulas 19 and 20 in the Table of Sec. 6.9

1 1
Using Theorem 3, find 'the inverse of s(s2 : wz) and 52(5'2 n wz) .

Solution. From Table 6.1 in Sec. 6.1 and the integration in (4) (second formula with the sides interchanged)
we obtain

1 sin ! ! * gin wor 1
33“1 = . 2—1{ ] - J’ -] —
{ 2+ o } w s(s% + aP) ) o dr 2 (1 — cos w1).
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Formulas 7 and 8 in Table 6.1, Sec. 6.1

This is a third derivation of %(cos wr) and &E(sin wt); cf. Example 4 in Sec. 6.1. Let f{f) = cos wt. Then
F#0)=1,1'(0)= 0, £"(9) = — o cos wt. From this and (2) we obtain

)
2" = S2L(f) = 5 = =PLf). By algebra, Llcos wt) = W .
s
Similarly, let g = sin wz. Then g(0) = 0, g’ = w cos wt. From this and (1) we obtain

D) = 58(g) = w¥(cos i), Hemce  Llsinwi) = %Sf(cos wl) = sszmi .

Laplace Transform of the Integral of a Function

Differentiation and integration ate inverse operations, and so are multiplication and division.
Since differentiation of a function f(f) (roughly) corresponds to multiplication of its
transform Z(f) by s, we expect integration of f(f) to correspond to division of £(f) by s:

Laplace Transform of Integral

Let F(5) denote the transform of a function f(£) which is piecewise continuous for
t 2 0 and satisfies a growth restriction (2), Sec. 6.1. Then, fors > 0,5 > k, and
1>0,

t ]
@ :Sﬂ{ fo (7 drr] = %F(s), thus fo f(r)ydr= 2‘1{%1?(.9)}.

Denote the integral in (4) by g(#). Since f(f) is piecewise continuous, g(f) is continuous,
and (2), Sec. 6.1, gives

t £
= folf('r)l d'réMLe"’dﬁ -]g(e"t- )= -ﬂkie’“ (k> 0).

fo o) dn

le@| =

This shows that g(f) also satisfies a growth restriction. Also, g'(f) = f(f), except at points
at which f(#) is discontinuous. Hence g’ (¢) is piecewise continuous on each finite interval
and, by Theorem 1, since g(0) = 0 (the integral from 0 to 0 is zero)

LN} = £{g' () = sL{g()) — 8(0) = sL{g()).

Division by s and interchange of the left and right sides gives the first formula in (4),
from which the second follows by taking the inverse transform on both sides. |

Application of Theorem 3: Formulas 19 and 20 in the Table of Sec. 6.9

1 1
Using Theorem 3, find the i f d .
sing Tem J, tind the ioverse o A 2 + wz) an sz(sz ¥ wz)

Solution. From Table 6.1 in Sec. 6.1 and the integration in (4) (second formula with the sides interchanged)
we obtain

1 sin @t 1 * sinwr 1
ol el (e
I o N D e d o (1 — cos wr),




EXAMPLE 4

EXAMPLE 5

Initial Value Problem: The Basic Laplace Steps

Solve
Y-y=t ¥O=1  yO=L
Solution. Step 1. From (2) and Table 6.1 we get the subsidiary equation [with ¥ = %(3)]
52Y = sy(0) = ¥ (0) = ¥ = 1/s%, thus (P -nr=s+1+ 12

Step 2. The transfer function is @ = ll(s2 — 1), and (7) becomes

s+1 L
—(s+|)Q+szg- e

Simplification and partial fraction expansion gives

1 . ! !
5s—1 52 -1 £

Step 3. From this expression for ¥ and Table 6.1 we obtain the solution

1 1
1 +$-1 - N i=e"+sinht -1
1 21 s

The diagram in Fig. 115 summatizes our approach,

¥ =2Hn = sz"‘[

t-space s-space
Given probiem ‘Subsidiary equation:
¥-y=t ] (62-1)Y =g+ 1k Us?
?’(0)'=|1
¥y =1
Soltition-of &iven problem Solution:of subsidiary equatitn
ylt) =e-Fsinhz-¢ e Fal g1 .1
—\3"1 2= 1 82

Fig. 115. Laplace transform method

Comparison with the Usual Method
Solve the initial value problem
Y'©0)=0

¥y +9=0, H0) = 0.16,

Solution. From (1) and (2) we see that the subsidiary equation is

$2Y — 0,165 + s¥ — 0.16 + 9¥ = 0, thus @+ s+ 9 =016(s+ 1)
The solution is
OIS+ 1) 06(s +3) + 008
Ss+9 @+ +F

Hence by the first shifting theorem and the formulas for cos and sin in Table 6.1 we obtain

W =L = e-tf?—(o 16 cos f 1+ 12/08_ sin | — 2 )

= ¢ 054016 cos 2.96¢ + 0.027 sin 2.961).

This agrees with Example 2, Case (IT) in Sec. 2.4. The work was less,



Advantages of the Laplace Method
1. Solving a nonhomogeneous ODE does not require first solving the
homogeneous ODE. See Example 4.
2. Initial values are automatically taken care of. See Examples 4 and 5.

3. Complicated inputs r(f) (right sides of linear ODES) can be handled very
¢fficiently, as we show in the next sections.

EXAMPLE 6 Shifted Data Problems

This means initial value problems with initial conditions given at Some 7 = #o > 0 instead of ¢ = 0. For such
a problem set # = T + 1, so that 1 = 1y gives I = 0 and the Laplace transform can be applied. For instance,
solve

i

y +y=2, yom = 1im, yem=2-V2

Solution. We have 1y = 47 and we set t = 7 + 37 Then the problem is
Fley=2+4m, 0) = 1m, Fo)=2-V2

where 7(7) = y(). Using (2) and Table 6.1 and denoting the transform of 7 by ¥, we see that the subsidiary
equation of the “shifted” initial value problem is

o o 2 o I
ST -sdr-0-V+¥=5 L s 6+ 17 = 3+T+Em+2—\/5.
§ 8
Solving this algebraically for ¥, we obtain
2 in s 21-V2

+ + + )
F+0s (P4 P24 P4

The inverse of the first two terms can be seen from Example 3 (with o = 1), and the last two terms give cos
and sin,

§5=974F) =21 - sinT) +17(l — cosT) + imcosT+ 2 - V) sinT
=% +ir— Visini
. S L
Nowt=:-%‘w,smi=v,z(smr—cosr). so that the answer (the solution) is

y=2—sint+ cost. |



PROBLEM SET-6:2-— - -

OBTAINING TRANSFORMS BY
DIFFERENTIATION

Using (1) or (2), find £(f) if f(t) equals:

expressing cos®%t in terms of cost, (b) by using
Prob. 3.

INITIAL VALUE PROBLEMS

1. ekt 2. t cos 5t L
3. sin? w1 4 cos® 7t Solve the following initial value ?robiem.s by the L{iplace
g 51 transform. (If necessary, use partial fraction expansion as
5. sinh® at 6. cosh® 5t in Example 4. Show all details.)
7. t sin kot 8. sin® ¢+ (Use Prob. 3.) 10. y' + 4y = 0, ¥(0) = 2.8
9. (Derivation by different methods) It is typical that ~ 11. ¥ + 3y = 17 sin 2z, ¥(0) = -1
varous transforms can be obtained by several methods,  12. y” — y' — 6y = 0, y(0) = 6,

Show this for Prob. 1. Show it for £(cos®$1) (a) by y'(0) = 13

3.y -3y =0, 3(0) = 4, y'(0) =0 ZWI:J-, to iﬂ:lstlt'ate thl;e advanta;g;: o‘fS ;h; agrcsent method
e exient we nave m N
14. yr; _ 4}" + 4y - 0! y(O) =21, 0 A ve seen
y'(0) = 3.9 fi#) |
15, y" +2y' + 2y =0, y(0) = 1, fla-0)
y'(©) = -3 / fla+0)
16 y" + ky' — 262y =0, ¥(0) = 2, K
Y'(0) = 2% |
17. y" + 7y + 12y = 21£%, ¥(0) = 3.5, 0 a ¢
! [ —
¥ ,(0) =10 , Fig. 6. Formula (1*)
18. y" + 9y = 10e7, y(0) = 0, Y@ =0
19. y" + 3y' + 2.25y = 9% + 64, ¥0) = 1, 26. PROJECT. Further Results by Differentiation.
y'(0) = 315 Proceeding as in Example 1, obtain
20. y" — 6y’ + 5y = 29 cos 21, ¥(0) = 3.2, -
y.'(o) = 62 (a) 'C"P(t cos &}f) - (52 + 0,2)2
i L = =
21. (Shifted data) y — 6y = 0, ¥2) =4 and from this and Example 1: (b) formula 21, (c) 22,
2.y - 3y =0, (1) = -3, (d) 23 in Sec. 6.9,
y )y =-17
2 2
23. 5" + 3y —dy =667, o) =4, _ S ta
Y1y =5 (e) &t coshaf) -’
24.y" +2y' + 5y =50t = 150, ¥3) = —4, _ 2us
y(3) =14 (f) Lltsinhan) = m .

. PROJECT. Comments on Sec. 6.2. (a) Givereasons
why Theorems 1 and 2 are more important than
Theorem 3.

(b) Extend Theorem 1 by showing that if f(1) is

OBTAINING TRANSFORMS BY

continuous, except for an ordinary discontinuity (finite
jump) at some ¢t = a (>0), the other conditions

remaining as in Theorem 1, then (see Fig. 116)

(%) L") = sL(f) — £0) — [fa + 0) — fla — )™,
(©) Verify (1*) for ft) = ¢ tif0 <t < 1and 0 if

t>1.

(d) Verify (1*) for two more complicated functions of

your choice.

(e) Compare the Laplace transform of solving ODEs
with the method in Chap. 2. Give examples of your

INTEGRATION
Using Theorem 3, find £(1) if £(f) equals:
27 —]‘ 28 i"
t s+ C st - ms?
1 1
29. g 30. A1
5 2
3L 5% — Ss 32. §° + s
1 1
33. st — 452 34. s+ 752

35. (Partial fractions) Solve Prabs. 27, 29, and 31 by

using partial fractions.



