3.rd week

Fluid Static

Definitions, Pressure at a point, Variation of
Pressure in a static fluid

Fluid Statics When the fluid velocity is zero, called the hydrostatic
condition.

Definition of Pressure

Pressure is defined as the ratio of normal force to area at a point. For
example, Fig. 3.2 shows fluid inside an object such as air inside a soccer
ball. The molecules of the fluid interact with the walls to produces a
pressure distribution. At each point on the walls, this pressure distribution
creates a resultant force F normal that acts on an infinitesimal unit of area
A as shown. Pressure is the ratio of normal force magnitude | AF waa! to
unitarea A ata point:
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Figure Pressure acting on the walls of a sphere

The reason that pressure is defined using a derivative is that pressure
often varies from point to point. For example, pressure acting on the
windshield of a moving car will vary at different locations on the
windshield.

Pressure is a scalar quantity; that is, it has magnitude only. Pressure is not
a force; rather it is a scalar that produces a resultant force by its action on
an area. The resultant force is normal to the area and acts in a direction
toward the surface (compressive).

The pressure variation is due only to the weight of the fluid. Consider a

small wedge of fluid at rest of size Ax, Az, As and depth b into the paper.



There is no shear stress by definition, and pressure is assumed to be
identical on each face (small element).

Since the element is at rest, summation of all forces must equal zero.

> Fx =0 = PxbAz — PnbAs sin6
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Fig. 1: Equilibrium of a small Fluid element at rest.

After substitution in above equations, one finds:
Px = Pn. Pz = Pn +pgAz

This means: 1) There is no pressure change in the horizontal direction. 2)
There is a vertical change in pressure proportional to the density, gravity
and depth change in the fluid (i.e. the weight of the column of the fluid
above the point). Note: in the limit as the fluid wedge shrinks to a

point, Az goes to zero, we have:

Px = Pz= Pn = P Thus, pressure in a static fluid is a point property.
Pressure force on a fluid element



Assume the pressure vary arbitrarily in a fluid, p=p(x,y,z,t). Consider a
fluid element of size Ax, Ay, Az as shown in Fig. 2. The net force in the
x-direction is given by:
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Fig. 2: Net force in the x-direction due to pressure variation

In a similar manner, net forces acting in y- and z-directions can be
calculated. The total net force vector, due to pressure, is:

dP 0P doP
deress = _(

Iz + E j+ £k> dxdydz
Notice that the term in the parentheses is the negative vector gradient of
pressure and the term dx dy dz =dV, is the volume of the element.

Therefore, one can write:

fpress = —VP

where fyess IS the net force per volume. Notice that the pressure gradient
(not pressure) causing a net force that must be balanced by gravity or
acceleration and/or other effects in the fluid. Note: the pressure gradient
Is a surface force that acts on the sides of the element. That must be



balanced by gravity force, or weight of the element, in the fluid at
rest. In addition to gravity, a fluid in motion will have surface forces due
to viscous stresses. Viscous forces, however, for a fluid at rest are zero.



17 PRESSURE AND A PERFECT GAS

As will be elaborated upon in Chap. 2 the pressure at a point derives from a normal
force pushing against a plane defined in the fluid or a plane surface that the fluid is
in contact with. The pressure at a point is the ratio of the normal force to the area of
the plane as the area approaches a small value enclosing the point. Pressure, p, has
units of force per unit area, which may be newtons per square meter, called pascals
(Pa), or pounds per square foot (psf), or pounds per square inch (psi).

Liquids normally cannot sustain a tensile (or pulling apart) stress since the lig-
uid would vaporize. Therefore, the absolute pressures used in this book are never

negative, since this would imply that the fluid is sustaining a tensile stress. Liq-
uids can often sustain a considerable pressure or compressive force with little or no
change in the observed density. However, no umversal relationships between pres-
sure and density exist for a llquld

Gas responds to changes in pressure or compressive force. For ideal gases a
relationship between pressure and density can be explicitly stated. The perfect gas,
as used herein, is defined as a substance that satisfies the perfect-gas law

pvs = RT (1.7.1)

and that has constant specific heats; p is the absolute pressure, v, the specific vol-
ume, R the gas constant, and T the absolute temperature. The perfect gas must be
carefully distinguished from the ideal fluid. An ideal fluid is frictionless and incom-
pressible. The perfect gas has viscosity and can therefore develop shear stresses, and
it is compressible according to Eq. (1.7.1).

Equation (1.7.1) is the equation of state for a perfect gas. It can be written as

= pRT (1.7.2)

The units of R can be determined from the equation when the other units are known.
For p in pascals, p in kilograms per cubic meter, and T in kelvins (K)

N m? m-N
R = Fm = kg_K or mN/kg K
For USC units, °R =° F + 459.6

b f*  ftl

o f2 slug®°R ~ slug-°R or ft-lb/slug-"R

For p in pounds mass per cubic foot

1 ft. . il
© f21b,°R  lb,°R

or ftIb/lb,-°R



The magnitude of R in slugs is 32.174 times greater than in pounds mass. Values of
R for several common gases are given in Table C.3 of Appendix C.

Real gases below critical pressure and above the critical temperature tend to
obey the perfect-gas law. As the pressure increases, the discrepancy increases and
becomes serious near the critical point. The perfect-gas law encompasses both
Charles’ law and Boyle’s law. Charles’ law states that for constant pressure the
volume of a given mass of gas varies as its absolute temperature. Boyle'’s law
(isothermal law) states that for constant temperature the density varies directly as
the absolute pressure. The volume ¥ of m mass units of gas is mvy; hence,

p¥ = mRT (1.7.3)

Certain simplifications result from writing the perfect-gas law on a mole basis. A
kilogram mole of gas is the number of kilograms mass of gas equal to the molecular
weight; for example, a kilogram mole of oxygen O; is 32 kg. With 0; being the
volume per mole, the perfect-gas law becomes

pis = MRT (1.7.4)

if M is the molecular weight. In general, if n is the number of moles of the gas in
volume ¥, then

pY = nMRT (1.7.5)

since nM = m. Now, from Avogadro’s law, equal volumes of gases at the same
absolute temperature and pressure have the same number of molecules; hence their
masses are proportional to the molecular weights. From Eq. (1.7.5) it is seen that
MR must be constant, since p¥/nT is the same for any perfect gas. The product
MR, called the universal gas constant, has a value depending only upon the units
employed. It is

MR = 8312 m-N/kg-mol-K (1.7.6)
The gas constant R can then be determined from
8312
R = T m-N/kg-K “.7.7)
In USC units
49,7
R = = ft-1b/slug-°R. - (1.7.8)
M
In pounds mass units
1545
—~R = ft-1b/lb,,-°R (1.7.9)
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PHYSICAL PROPERTIES OF FLUIDS

TABLE C.1 Physical properties of water in Sl units
Vapor- . Bulk
Kine- " pressure  modulus  Thermal
Specific matic Surface *~ head of conduc-
weight  Density ~ Viscosity  viscosity  tension  absolute - elasticity tivity
Temp, Ys Ps 'L}X:lol,‘ X108 o X104 Pyt KX107%. o k
°C N/m? kg/m® N-s/m? m¥s. .~ N/m m Nm*  WmK
0 9806 999.9 1.792 1792 - 162 006 - - 204 0.561
5 9807 1000.0 1519 15195 754 0.09 206 0571
10 9804 999.7. . 1.308 1308 748 Q12 211 0.580,
15 9798 999.1 1.140 1.141 741 017 214 0.589
20 9789 998.2 : 1.007 36 L )95 220 0.598°
25 9778 997.17 % 0.897 7260 033 20075 0607
30 9764 9951 0.804 AR
35 v 9149 ol 90RL 003 B0 A
400 9730 9920 0661 701
45 9711 9902 - 0605 692
50 9690 988.1 L0556 68
55 9666 985.7 0.513 6.74
60 9642 983.2 0.477 6.68
65 9616 980.6 0.444 6.58
70 9589 9778 0415 6.50
75 9560 974.9 0.390 6.40
80 9530 971.8 0.367 630
85 9499 968.6 0347 6.20
90 9466 965.3 0.328 6.12
95 9433 961.9 0311 _ 602
100 9399 958.4 0.296

5.94

ty = 9806 N/m3.

3

Table 1.3 Approximate properties of common liquids at 20°C and standard
*  atmospheric pressure
Bulk modulus Vapor Sl{rfacc
Specific  of elasticity K, = pressurep,. tensiont 0.
Liquid -gravity § GPa - kPa. ,v._{Nln._l: ;
Alcohol, ethyl - 079 13215 5.86 30.0323.
Benzene = 088 103515 = ::10.0- 00289
el T DT
ket 10 R RS g 5 0'0‘.‘".7{ 32
Mercury 13.57 26.20 - 0.00017 «0..5,1
Oibts 7 S e B R E %
Cridesis v/ 085098 570 o.qz::&.gi};
Lubricating = 0.85-0.88 0.023-0.03
Waer 22 245 0074
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\\
so that knowledge of molecular weight leads to the value of R. In Table C.3 of Ap-
pendix C molecular weights of some common gases are listed. Additional relations
and definitions used in perfect-gas flow are introduced in Chap. 3.

A gas with molecular weight of 44 is at a pressure of 0.9 MPa and a temperature of
20°C. Determine its density. :

Solution

From Eq. (1.7.7)

8312

R === = 18891 mNkgK

Then, from Eq. (1.7.2)

p 09X 10°Nm? :
=i = 1626 kolm
P = RT = (B9 mNAgK)2T3 + 20K) 020 ke/m

Example 1.3 j

EXERCISES

{
1.7.1 A perfect gas (a) has zero viscosity; (b) has constant viscosity; (c) is incom-
pressible; (d) satisfies pp = RT; (e) fits none of these statements.
1.7.2 The molecular weight of a gas is 28. The value of R in meter-newtons per
kilogram-kelvin is (a) 29.7; (b) 297; (c) 2911; (d) 8312: (e) none of these answers.
1.7.3  The density of air at 10°C and 1-MPa absolute (abs) in SI units is (a) 1.231;
(b) 12.31; (c) 65.0; (d) 118.4; (¢) none of these answers.
1.74  How many kilograms mass of carbon monoxide gas at 20°C and 200-kPa
abs is contained in a volume of 100 L? (a) 0.00023: (b) 0.23: (c) 3.367; (d) 3367,
(e) none of these answers.



The last term of the second equation is an infinitesimal of higher order of smallness
and can be neglected. When divided by oy and &x, respectively, the equations can
be combined:

<

Ps =.Px = By (2.1.4)

Since @ is any arbitrary angle, this equation proves that the pressure is the same in
all directions at a point in a static fluid. Although the proof was carried out for a
two-dimensional case, it can be demonstrated for the three-dimensional case with
the equilibrium equations for a small tetrahedron of fluid with three faces in the
coordinate planes and the fourth face inclined arbitrarily.

If the fluid is in motion so that one ‘layer moves relative to an adjacent layer,
shear stresses occur and the normal stresses are, in general, no longer the same in
all directions at a point. The pressure is then defined as the average of any three
mutually perpendicular normal compressive stresses at a point [Eq. (2.1.3)].Ina
fictitious fluid of zero viscosity, that is, a frictionless fluid, no shear stresses can

occur for any motion of the fluid, and so at a point the pressure is the same in all
directions.

EXERCISE

2.1.1 The normal stress is the same in all directions at a point in a fluid (@) only
when the fluid is frictionless; (b) only when the fluid is frictionless and incompress-
ible; (¢) only when the fluid has zero viscosity and is at rest; (d) when there is no
motion of one fluid layer relative to an adjacent layer; (e) regardless of the motion
of one fluid layer relative to an adjacent layer.

22 BASIC EQUATION OF FLUID STATICS

Pressure Variation in a Static Fluid

The forces acting on an element of fluid at rest (Fig. 2.5) consist of surface forces and
body forces. With gravity the only body force acting, by taking the y axis vertically
upward it is —y éx 8y 8z in the y direction. With pressure p at its center (x, , 2), the
force exerted on the side normal to the y axis closest to the origin is approximately

. _dp Sy —
. (p '@7)8}"82 N

and the force exerted on the opposite side is

dp 8y
<p+ % 2>8x8~

where 8y/2 is the distance from the center to a face normal to y. Summing the forces
acting on the element in the y direction gives

8F, = —%?_8):6_\'82 — v 86x 8y dz
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Figure 2.5 Rectangular parallelepiped element of fluid at rest.

For the x and z directions, since no body forces act,

- _9% _ %
OF, = = Sx 8y 8z OF, = % Sx 8y 8z
The elemental force vector SF is given by
T _ (%P -
OF = i8F, + joF, + koF, = (l{yx +Jay +k&)8x6y52 Jjv 6x 8y &z

If the element is reduced to zero size, after dividing through by 8x 8y 8z = §¥, the

expression becomes exact
=

g - —(i,:—x +j% + k%)p -jy limév¥ — 0 (2.2.1)

This is the resultant force per unit volume at a point, which must be equated to zero
for a fluid at rest. The quantity in parentheses is the gradient, called V (del),

aJ d d
V=i-+4+j— +k= 2.2.2
o T e = ( )
and the negative gradient of P, —Vp, is the vector field f of the surface pressure force
per unit volume,
f=-Vp (2.2.3)



The fluid static law of variation of pressure is then
== (2.2.4)

For an inviscid fluid in motion or a fluid moving so that the shear stress is qv-
erywhere zero, Newton’s second law takes the form

f—jy = pa (2.2.5)
where a is the acceleration of the fluid element and f — jy is the resultant fluid force
when gravity is the only force acting on the body. Equation (2.2.5) is used to study
relative equilibrium in Sec. 2.9 and in the derivation of Euler’s equations in Chaps. 4
and 7.

In component form, the combination of Egs. (2.2.3) and (2.2.4) becomes
AT g

: i24
ax ady % oz 4260

The partial differential equations, for variation in horizontal directions, are one form
of Pascal’s law; they state that two points at the same elevation in the same contin-
uous mass of fluid at rest have the same pressure.

Since p is a function of y only,

dp = —vydy (2.2.7)

This simple differential equation relates the change of pressure to specific weight
and change of elevation and holds for both compressible and incompressible fluids.

Pressure Variation in an Incompressible Fluid

For fluids that can be considered homogeneous and incompressible, y is constant
and Eq. (2.2.7), when integrated, becomes

p=—yy+c

in which ¢ is the constant of integration. The hydrostatic law of variation of pressure
is frequently written in the form

p =vh (2.2.8)

in which h is measured vertically downward (h = —y) from a free-liquid surface
and p is the increase in pressure from that found at the free surface. Equation (2.2.8)
can be derived’by taking as a fluid-free body a vertical column of liquid of finite
height 4 with its upper surface in the free surfagga. This is left as an exercise for the
student. -

.

An oceanographer needs to design a sea lab 5 m high that will withstand submersion
to 100 m, measured from sea level to the top of the sea lab. Find the pressure variation
on a side of the container and the pressure on the top if the specific gravity of salt
water is 1.020.

Solution
v = 1.020(9806 N/m®) = 10 kN/m’
At the top 2~ = 100 m, and

p =vh =1MN/m* = | MPa

Example 2.1



If' y is measured from the top of the sea lab downward. the pressure variation is

p = 10(y + 100) kPa

Often due to differential heating or the presence of added mass such as salt or
sediment, the density in a static homogeneous incompressible fluid may stratify or
arrange itself in layers where heavier, more dense fluid underlays lighter fluid. The
density in each layer remains constant and the pressure varies linearly or hydrostat-
ically with increasing depth into the water column. Figure 2.6 contains an idealized
density versus depth diagram of a body of salt water with three constant density re-
gions. The figure also contains the plot of the pressure distribution with depth and it is
noted that the pressure is continuous at the interfaces. In practice molecular and tur-
bulent diffusion of salt will marginally “smooth” the discontinuous density interface,
but this layered approach to pressure distributions in layered stratified conditions has
been a fundamental analysis approach for limnologists and oceanographers for over
a hundred years.

From Fig. 2.6 several features are of note. First the pressure in each layer linearly
increases with increasing depth. Therefore within layer I and subsequent layers the
pressure variations are

PO<h<h)=p+ prg(h) (2.2.9)
Py <h < hy) = p; + prg(h — hy) (2.2.10)

or for any layer n,
Pny <h<hy) = p, | + pag(h — hy-1) (2.2.17)

Example 2.2

At a spot in the ocean where the total depth is 450 m, oceanographers measure data -
athy = 100 m, h, = 300 m, and 43 = 450 m. The specific gravity values for salt

Figure 2.6 Pressure distribution in density stratified fluid ot
rest.




water in each of the constant density layers are 1.01, 1.02, and 1.025, respectively.
Find the pressures at the interfaces. Assume atmospheric pressure at the surface.
pPo = O.
Solution
P1 = po + p;gUn — 0) = po + Sipgh
= 0 + 9.904(100) = 990.4 kPa
pr = p1 + p2g8(ha — hy) = p + Sapglhz — hy)
= 990.4 + 10.0(200) = 2990.8 kPa
p3s = pa2 + p3g(hy — ha) = p2 + S3pglhs — h2)
2990.8 + 10.05(150) = 4498.5 kPa
&

I

Pressure Variation in a Compressible Fluid
When the fluid is a perfect gas at rest at constant temperature, from Eq. (1.7.2)

p _ po
P Po

in which p is the absolute pressure. When the value of vy in Eq. (2.2.7) is replaced
by pg and p is eliminated between Eqgs. (2.2.7) and (2.2.9),

(2.2.12)

_ Po ap

dy = (2.2.13)
&po P
It must be remembered that if p is in pounds mass per cubic foot, then ¥y = gp/go
with go = 32.174 Ib,,-fb-s2. If p = po when p = po, integration between limits
v P g
J dy = ___”O.,J' ap
Yo 8P0 Jp, P
yields
y — yo = Y I T (2.2.14)
gpPo Po
in which In is the natural logarithm. Then
¥
B o an L (2.2.15)
P p( Po/gpo) _

which’is the equation for variation of pressure with elevation in an isothermal gas.
* - -
The atmosphere frequently is assumed to have a constant temperature gradient
which is expressed by

T = To + By (2.2.16)

For the standard atmosphere, 8 = —0.00357 degree Fahrenheit per foot (—0.00651
K/m) up to the stratosphere. The density can be expressed in terms of pressure and
elevation from the perfect-gas law:

P P

= e 2 2.1

PR R(T, + B») @217

Substitution into dp = —pgdy [Eq. (2.2.7)] permits the variables to be separated

and p to be found in terms of y by integration.

Example 2.3 Assuming isothermal conditions to prevail in the atmosphere, compulc} the pressure
and density at 2000-m elevation if p = 105-Pa abs and p = 1.24 kg/m? at sea level.

Solution

From Eq. (2.2.15)

5 2 2000 m
(10° N/m?)exp{ — ————>=- 2

Il

# (105 N/m?)/[(9-806 m/s?)(1.24 ké?rﬁﬁ}

Ii

78.4-kPa abs

Then, from Eq. (2.2.12),
78,400

oY = 0972 kel
O0000. — o e

p = 2p = (1.24 kg/m*)
Po




