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it suffices to show that fy(x) and fy(y) are the marginals o1 fx_ y(x, ¥; @).
J” frrte yimydy

= |7 RO +ol2Fx() = 12FY() = 11} dy

= [ S0y dy + af (N2 = 1] [2FY0) = 115500 dy
—fu(0, notingthat [ [2Fy () — 1) dy

- j'('2u — 1) du=0
]

by making the transformation w = Fy(y). Hi

3 CONDITIONAL DISTRIBUTIONS AND
STOCHASTIC INDEPENDENCE

In the preceding section we defined the joint distribution and joint density
functions of several random variables; in this section we define conditional
distributions and the related concept of stochastic independence. Most defini-
tions will be given first for only two random variables and later extended to k
random variables.

3.1 Conditional Distribution Functions
for Discrete Random Variables

Definition 10 Conditional discrete density function Let X and Y be
jointly discrete random variables with joint discrete density function
Sx. (=, *). The conditional discrete density function of Y given X = x,

denoted by fyx(*|x), is defined to be
Sy, v(x,¥)
fx(x)

if fy(x) =0, where fy(x) is the marginal density of X evaluated at x.
Syl | x) is undefined for fx(x) = 0. Similarly,

Srlylx) = (3)

fx. ylx, ¥)
fxar[ﬂ}'] 0 ’ (6)

if fy(») > 0. i
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Definition 11 Conditional discrete cumulative distribution- If X and ¥
are jointly discrete random variables, the conditional cunmiative distribu-

tion of ¥ given X = x, denoted by Fyix(+|x), is defined to be Fyix(y|x) =
PIY = y| X = x] for fy(x) > 0. i

Remﬂrk Fr|g{}'|x} = . -Zs ifI'JI{.]"IJrI}‘ 'II'IIIJII'E

EXAMPLE 9 Return to the experiment of tossing two tetrahedra. Let X
denote the number on the downturned face of the first and ¥ the larger
of the downturned numbers. What is the density of ¥ given that X =27
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Also,
|3 fory=3
Srly]3) = [* for y = 4. I

Definition 12 Conditional discrete density function Let (Xy,..., X,) be
a k-dimensional discrete random variable, and let X;...., X, and
A— X, be two disjoint subsets of the random variables X, ..., X,.
The conditional density of the r-dimensional random variable (X;,, ..., X;)

given the value (x;,, ..., x;) of (X}, ..., X},) is defined to be
fvtu;----xu.l,I_l’n-a-rxJ.(xll’ . :l:,-_[x.l-l, S _TJ..}

v K Xa e XKy o X X oo XG,)

Txpn xJ_(-T;.----nxj,} i

EXAMPLE 10 Let X,, ..., X5 be jointly discrete random variables. Take
r=s5=2,(X;, X;,)= (X, Xj), and (X}, X};) = (X;, Xs); then

ffh f:. I;. !',{-rl.* ‘TZ' 1 xi 1 xi-:

s, x{x3, X5) i

Sxa, xa1 x5, X600 x3|x3, X)) =
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EXAMPLE 11 Suppose 12 cards are drawn without replacement from an
ordinary deck of playing cards. Let X, be the number of aces drawn,
X, be the number of 2s, X', be the number of 3s, and X, be the number
of 4s. The joint density of these four random variables is given by

fx..n. x;.x.(xn Xz X3, Xa)

(DEE)EN 2 s, )
X Wk A\ \x JN12 = %, — X3 — x5 — X,
s (32
12
wherex; =0,1,2,3, ordand i= 1, ..., 4, subject to the restriction that

2. %; <12, There are a large number of conditional densities associated
with this density; an example is

k]

Koo KalXg, Xah" 2w g4 A3
f (X2, X 1, %3)

[0 [ PO 1
(o) ()2 - )/ G2)
()()%zma )

12 .r|—x3)
where x; =0, 1, ..., 4and x; + x, < 12 — x; — x,. i

¥

3.2 Conditional Distribution Functions
for Continuous Random Variables

Definition 13 Conditional probability density function Let X and ¥
be jointly continuous random variables with joint probability density
function fy y(x, ¥). The conditional probability density function of ¥
given X = x, denoted by fy x(* | x), is defined to be

Frx(y)x) = L2ex(::2)

Sx(x)
if fx(x) > 0, where fy(x) is the marginal probability density of X, and is

undefined at points when fy(x) =0
Similarly,

(7



