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using the fact that the marginal density fy (x,) is obtained from the joint
density by

J’_ J_wax.,..,.xh(-“n e Xgddxy o dxg_y cdxyyy .. dxg. I

Similarly, the following theorem can be proved.

Theorem 5 If g(x,, ..., x,) = (x; — LX,])?, then
fla( Xy, ... X)) = E[(X, - J[I,}]l] = var [X;]. I

We might note that the “expectation™ in the notation &[X,] of Eqg. (20)
has two different interpretations; one is that the expectation is taken over the
joint distribution of X, ..., X;, and the other is that the expectation is taken
over the marginal distribution of X,. What Theorem 4 really says is that
these two expectations are equivalent, and hence we are justified in using the
same notation for both.

EXAMPLE 18 Consider the experiment of tossing two tetrahedra. Let X
be the number on the first and ¥ the larger of the two numbers. We gave
the joint discrete density function of X and ¥ in Example 2.

E[XY] =} xpfy (x, )
=1-1({%) + 1-2(7g) + 1 - 3(%) + 1 - 4(%)
+2-2(75) + 2 3(:%9) + 2 45) + 3 3(%)
+ 3475 + 4 4(%) =138,
LY + YI=(1 + Dyfs + (1 + 2% + (1 + 3)lg + (1 + 4)%
+2+2%+ 2+ + 2+ + G+ D%
+ 3+ + (4 +40% =12

”

8[X] =1, and &[] = {3; hence £[X + ¥] = £[X] + €] Y], I

EXAMPLE 19 Suppose fy, y(x, ) = (x + 3o, 1,x)M;q, 1,(3).
J[xr]=j' le}'{x +y)dxdy=4,
0 %0

1 ;1
SUX+Y1=[ [t p)x+y)dedy=}
00
S[X]=8Y] =7 I
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EXAMPLE 20 Let the three-dimensional random variable (X;, X;, X;) have
the density
Txo, 22,205 X2, X3) = 8x, %5 %3 Lo, 1)(x1 Mo, 1y(x2) (0, 1)(%3)-

Suppose we want to find (i) £[3X, + 2X, + 6X,], (ii) F[X,X,X,], and
{iii} JIX]XE]. Fﬂf {i) we h&’k’t g’{xh -xg.. I]}=311 +2x= +ﬁ.‘-|.'3, Eﬂd
obtain

Elg(Xy, Xz, Xa)] = EB3X, + 2X, + 6X,]
= L‘] _”a L; (3xy + 2x3 + 6x3)8xyx3 x5 dxy dx; dxy =32,
For (ii), we get
ELX X1 X5] =3 [0 §o Bxy®xy? x3? dxy dxy dxy =S5,
and for (iii) we get £LX, X;] = . I

The following remark, the proof of which is left to the reader, displays a
property of joint expectation. It is a generalization of (ii) in Theorem 3 of
Chap. 11.

Remark J[z gl Xy s Xﬂ] =3 ¢, €[g{X,. ..., X))] for constants
1 1
chﬂlu'”!cm- .F".IIIIU

4.2 Covariance and Correlation Coefficient

Definition 19 Covariance Let X and Y be any two random variables
defined on the same probability space. The covariance of X and Y,
denoted by cov [X, Y] or gy, y, is defined as

cov [X, Y] = &[(X — ux)(Y—py)] @1
provided that the indicated expectation exists. I

Definition 20 Correlation coefficient The correlation coefficient, de-
noted by p[X, Y] or px y, of random variables X and Y is defined to be

cov [X, ¥]
Px.y = i (22)

provided that cov [X, Y], 6x, and oy exist,and oy >0and oy > 0. [///
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Remark cov [X, ¥Y]=&[(X — w)(Y = )l = E[X Y] — pypy.

PROOF  &[(X — px)(Y — py)]l = E[XY — px Y—py X + py uy)
=E[XY] = ux E[Y] — uy E[X] + pxy
=6[XY] = pxpy. I

EXAMPLE 21 Find py, y for X, the number on the first, and ¥, the larger of
the two numbers, in the experiment of tossing two tetrahedra. We would
expect that py y is positive since when X is large, Y tends to be large too.
We calculated 6[XY], £[X], and &[Y] in Example 18 and obtained
EIXY]=13¢,6[X] =4, and [ Y] =3$. Thus cov [X,Y] =433 -5 39
=12 Now &[X*]=32 and é’[}""] =170 hence var [X] =4 and
var[Y] =23. So,

10

1 2
Px,:r*-\/%\/é \/1—1° ;Ul’l){

i
I

rY

EXAMPLE 22 Find py 4 for X and Yif fy y(x, y) (x + )Mo, 1y(X) 0, 1,(¥).

We saw that é"[):’Y]— 7 and &[X]=&[Y] =% in Example 19. Now
E[X?*] = &[Y?] = % hence var [X] = var [Y] =~ 4'4. Finally
1_ 4 1
Pry="—12=
YTk 11

4.3 Conditional Expectations

In the following chapters we shall have occasion to find the expected value
of random variables in conditional distributions, or the expected value of one
random variable given the value of another.

Definition 21 Conditional expectation Let(X, ¥)be a two-dimensional
random variable and g(+,-), a function of two variables. The conditional
expectation of g(X,Y) given X =x, denoted by &[g(X,}V)| X =x], is
defined to be

S X=x1=[ o Nfi0l0dy 23

bl - 1]

if (X, Y) are jointly continuous, and



