L ecture#6
- Strain energy.
- Yielding criteria for ductile metals.
- Maximum shear stressor Tresca criterion.
- Thedistortion energy theory (von.Misestheory).
- Maximum Octahedral shear stresstheory.
- Examples.
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Lecture# 6

Strain enerqy:

The elastic strain energy U is the energy expended by the action of external
forcesin deforming an elastic body. All the work performed during elastic
deformation is stored as elastic energy, and this energy is recovered on the
release of the applied forces. In the deformation of an elastic body, the
average strain energy is:

Force

Area=Average
strain energy

Elongation

For an elemental cube subjected to only atensile stress along x-axis, the
elastic strain energy is:

F— 1 — 1
dU=3(o,4)e, dx)=}(oe,)( 4 dx)
But (Adx) isthe volume of the element, so the strain energy per unit volume
or strain energy density U is:
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Note that the lateral strains which accompany deformation in simple tension do

not enter into the expression for strain energy because forces do not exist in the

direction of the lateral strains.
By the same type of reasoning, the strain energy per unit volume of an

element subjected to pure shear is given by
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The elastic strain energy for a general three-dimensional stress

— L
UO _ 2(Ox5x + UyEy + 0.¢, t Tnyx_y + TyzYsr + Tyz.Y_].'z)
But:

1 1
E, = E [ax — v(ay + crz)]; £, = E[Uy — v(oz + ox)]

1
and £, = E[O’z - I"'((j’_jlf + Uj—’)] also:

T.xy = G.ny Tys = G?yz Tez = Gsz

So total strain energy per unit volume:
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Recalling the relation between the stress and strain (in matrix form, lect. 5
page 6) and putting:

vE
(1+#)(1~2»)

= A (calea Lameé’s constant )

and:
A=g +e +e,

the strain energy can be expressed in terms of strains and the elastic
constants as:

Uy = IAA2 + G(e2 + &2 + ef} +1G(v2, + ¥2 + ¥Z)

The derivative of Ug with respect to any strain (or stress) component gives
the corresponding stress (or strain ) component, So:

U,
de

= AA + 2Ge, = 0, m QU /do, = ¢,
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Yielding criteria for ductile metals (Theories of failureby
yielding):

According to each theory of failure, the selected criteria of failure for the
complex stress state are equated to the value of the same criteria
corresponding to failure in asimple tensile test (simple uniaxia system).

The hydrostatic stress does not cause yielding and as a result this stress does
not influence the stress at which yielding occurs. Therefore, we look for the
stress deviator to be involved with yielding. Moreover, for an isotropic
material, the yielding criterion must be independent of the choice of axis,
I.e.,, it must be an invariant function. So the yield criteria must be some
function of the invariants of the stress deviator. There are two accepted
criteriafor ductile metals:

M aximum shear stressor Trescacriterion:

This yield criteria states that yielding occurs when the maximum shear
stress reaches the value of the shear stress in the uniaxial- tension test. So
safety is obtained whenever:

t a||owab|e:t yieldpant _ S yieldpant
n 2N
For triaxial stress state when 6,>6,>63:
tmax :Sl' 53 :Syieldpoint
2 2

So the maximum shear stress criterion is given by: 6yied point =(61-63)
For biaxial stress state when 6;>6, and ¢3=0:
- For like stresses, i.e. both 6,&6, are tension or compression (1St and
3" quadrants):
t :Sl'oorsz'ozsyieldpoint
max
2 2 2

e G1=0yieldpoint Or 62 = Oyjeldpoint




- For unlike stresses (2™ and 4™ quadrants) :

t :51'52 :Syieldpoint
or
t :Sz'slzsyieldpoint
S 1 _ S 2 =1 S 2 _ S 1
So or
S yieldpdnt S yieldpdnt S yieldpdnt S yieldpdnt
a,
e tdpa
These are straight lines and produce —¢r 1 i%
the failure envelope of the fig. shown. o a0
selddpa
Yy . G
shear diagonal




Thedistortion energy theory (von.Misestheory):
Also called shear energy theory.
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Principal element General three-dimensional state of stress at

any point in a body

Total strain energy per unit volume for general three-dimensional state of
stress:

1

y .
Uzﬁ(ﬂﬁ + ayz + crzz)—"é(oxo}, t o0, + oxoz)+E(Tx%v +10 4 Tyll,)

Total strain energy per unit volume for Principal element in three-
dimensional state of stress:

1
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U,= (alz + 0'22 + 032 — 2% (0102 + o0, + 0103))

Hydrostatic 0;—0 Distortional
stresses stresses



1- Volumetric strain energy (associated with the hydrostatic
stresses):

1
S1=S,=53 :5(31+32+33)

By substituting the above equation in the equation of total strain
energy per unit volume for Principal element in three-dimensional state of
stress:

(1- )

Uvol = E[(Sl +tS 2 +S 3)2]

2- Shear strain energy per unit volume (Ug)/distortion of the shape due to
shear stress:

1+u
ol

= 51'52)2+(52'53)2+(53'51)2] (1)

Us=Ug-Uyol

S

or:

U, = é(s +S +s) (slsz+szsg+sgsl)]

Yielding will occur when the strain energy of the distortion per
unit volume equals that for a specimen in uniaxial tension or
compression (strained to the yield point), so:

3- For the simple tension (or compression) test: 61=6yied point aNd
6.=63=0, sub. in (1) get that the distortion energy is:



Equating (1)& (2) get that:
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onleld (01 02) + (02 - 63) + (03 - 0'1)=ZI%+612

[ 2 2 211/2
vleld=T _(0'1 - 0y)" + (0, —03) + (0 — 01) ]
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For abiaxial stress state (63=0):

2 Y 2
Oie1a= @1 0,0,+0;

For puretorsion o6, =- 6, and T = 6, Sub. get that

yldd_\/i‘?\b _\/é

S yield =0b756 Jied

or Uyiaa = E
For analyses and design purposes, it is convenient to define avon
Mises stress.

Swm :\/512' S5 +S§
and in terms of the applied stresses:

Sy = \/s +s.-5,5,+3,,

and SRVY :Syield/n



For graphical representation:
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This equation represents ellipse with semi-axes V2 oy, and \/gs ,
at 45° to the coordinate axes as shown in the fig.
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Maximum Octahedral shear stresstheory:
1
bt zé[(sl y 52)2 +(52 y 53)2 +(53 § 51)2]1/2

For uniaxial tension: : 61=6yidd point and 62=63=0, sub. and get
that:

So the criterion of failure becomes;

%Sy :%[(Sl_ 52)2 +(Sz ) 53)2 +(53' Sl)z}u2

or

2 _ 2 2 2l __~2
$y _l(sl' 52) +(52 - 53) +(53' 51) J_le +6|2
Thisis the same asthat for von Mises distortion energy theory.

Example #1
For the state of stress shown, if the part is made from 7075-T6 Al-alloy (oyp

= 500MPa, will it exhibit yielding? If not what is the safety factor? Base
your answer on the distortion energy theory (von.Mises theory).

s, = 50 MPa

——> 6, = 100 MPa

./xy: 30 MPa

s, = 200 MPa
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Solution:
According to von.Mises:

1 .
O ie1a= ﬁ[(axx“ on.)z+ (0,,— ozz)2+ (0.— o“)2+6 (af}, +U}.21+Ui)‘

pr=71—-2—[(200—100)2+(100—(—50))2+(_50_200)2 16(30)°

= 224MPa < 500MPa

So yielding will not occur and the safety factor, n = 500/224 = 2.2

Example #2

1/2

1,2

A material subjected to a simple tension test shows an elastic limit of
240MPa.Calculate the factor of safety provided if the principal stresses set
up in a complex two dimensional stress system are limited to 140 MPa
tensile and 45 MPa compressive. The appropriate theories of failure on

which your answer should be based are:
(a) the maximum shear stress theory;
(b) The distortion energy theory (von.Mises theory).

Solution:
(8) Maximum shear stresstheory: o3=0

t — S 1 S 2 S yieldpoint

max 2 2n

— S yieldpoint
S-S, =——— 240

o n "~ 140- (- 45)

=1.297

(b) The distortion energy theory (von.Mises theory).

S .
yield _ 2 2
n _\/51'5152"'52

25 = 1407 - (o) 45)+ (- 45) n=1.436
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Example #3

A steel tube has a mean diameter of 100mm and a thickness of 3 mm.
Calculate the torque which can be transmitted by the tube with a factor of
safety of 2.25 if the criterion of failureis

(@) maximum shear stress, (b) The distortion energy theory (von.Mises
theory). Elastic limit of the steel in tension is 225 MPa.

Solution:
. __16Td, _ 16T *0.103

“pld-d*) p(0.203*- 0.097%)
s, =t ;s,=-t ;s,=0
(@) maximum shear stress:

S -S.= S yieldpoint
1722 n 2187 +218T =222 . T=2293KPa
2.25

(b) The distortion energy theory (von.Mises theory):

=21.8T KN.m

N X y Xy
22510 2
= 21 = 2.648 KN.m
2.25 \/3( ST) ' .
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