
Engineering mechanics 
 "Static" 

lecture 1 
 
Force System  
 

Before dealing with a group or system  of forces, it is necessary to examine the properties of a 

single force in some detail, A force has been define as an action of one body on another. In dynamics we 

will see that a force is defined as an action which tends to cause acceleration of a body. A force is a 

vector quantity, because its effect depends on the direction as well as on the magnitude of the action. 

Thus, the forces may be combined according to the parallelogram taw of vector addition. 

The action of the cable tension on the bracket in Fig.1a is represented in the side view,.Fig.2b, by the 

force vector P of magnitude P. The effect of this action on the bracket depends on P, the angle θ, and the 

location of the point of application A. changing any one of these three specifications will alter the effect 

on the bracket, such as the forces in one of the bolts which secure the bracket to the base, or the internal 

the complete specification of the action of a force must include its magnitude, direction, and point 

application, and therefore we must treat it as a fixed vector. 
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External and internal Effects 

We can separate the action of a force on a body into two effects, External and internal , for the 

bracket  of Fig.2 the effects of P external to the bracket are the reactive forces(not shown) exerted on the 

bracket by the foundation and bolts because of the action of P. forces external to a body  can be either 

applied. forces or reactive forces. The effects of P internal to the bracket are the resulting internal forces 

and deformations distributed throughout the material of the bracket. The rotation between internal forces 

and internal deformations depends on the material properties of the body and is studied in strength of 

materials, elasticity, and plasticity. 

 

 
 

Figure  1 

 



Principle of transmissibility  
 

When dealing with the mechanics of a rigid body, we ignore deformations in the body and 

concern ourselves with only the net external effects of external forces. In such cases, experience shows us 

that it is not necessary to restrict the action of an applied force to a given point. For example, the force P 

action on the rigid plate in Fig.2  may be applied at  A or at B or at any other point  on its line of action, 

and the net external effects of P on the bracket will not change. The external effect are the force exerted 

on the plate by the bearing support at 0 and the force exerted on the plate by the roller support at C.  

 This conclusion is summarized by the principle of transmissibility, which states that a force may be 

applied at any point on its given line of action without altering the resultant effects of the force external to 

the rigid body on which it acts. Thus, whenever we are interested in only the resultant external effects of 

force, the force may be treated as a sliding vector, and we need specify only the magnitude, direction, and 

line of action of the force, and not its point of application.  

 

Figure 2 

  

 

 

 

 

 

                                                    
 
Force Classification 

Forces are classified as either contact or body forces. A contact force Is  produced by direct 

physical contact; an example is the force exerted on a body  a supporting surface. On the other hand, a 

body force is generated  by virtue of the position of a body within a force field such as A gravitational, 

electric, or magnetic field. An example of a body force is your weight. 

Forces may be further classified as either concentrated or distributed. Every contact force is 

actually applied over a finite area and is therefore really a distributed force However, when the 

dimensions of the area are very small compared with the other dimensions of the body, we may consider 

the force to be concentrated at a point with negligible loss  of accuracy. Force can be distributed over an 

area as in the case of mechanical contact, over a volume when a body force such as weight is acting  or 

over a line, as in the case of the weight of a suspended cable. 

The weight  of a body is the force of gravitational attraction distributed over its volume and may be taken 

as a concentrated force acting through the center of gravity. The position of the center of gravity is 

frequently obvious if the body is symmetric.  

We can measure a force either by comparison with other known forces, using a mechanical 

balance, or by the calibrated movement of an elastic element. AIl such comparisons or calibrations have 
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as their basis a primary standard. The standard unit of force in SI units is the Newton (N) and in the U.S. 

customary system is the pound (lb). 

 

action and Reaction 
According to Newton's third law, the action of a force is always accompanied by an equal and 

apposite reaction. It is essential to distinguish between the action and the reaction in a pair of forces. To 

do so, we first isolate the body in question and then identify the force exerted on that body (not the force 

exerted by the body). It is very easy to mistakenly use the wrong force of the pair unless we distinguish 

carefully between action and reaction. 

 

Concurrent Forces 
Two or more forces are said to be concurrent at a point if their lines of action intersect at that 

point. The forces F1 and F2 shown in Fig.3a have a common point of application and are concurrent at 

the point A. Thus, they can he added using the parallelogram law in their common plane to obtain their 

sum or resultant R, as shown in Fig. 3a. The resultant lies in the same plane as Fl and F2. 

Suppose the two concurrent forces lie in the same plane but are applied at two different points as in Fig. 

3b. By the principle of transmissibility, we may move them along their lines of action and complete their 

vector sum R at the point of concurrent A, as shown in Fig. 3b. We can replace F1 and F2 with the 

resultant R without altering the external effects on the body upon which they act. 

We can also use the triangle law to obtain R, but we need to move the  line of action of one of the forces, as 

shown in Fig.3c. If we add  the same two forces, as shown in Fig. 3d, we correctly preserve the 

magnitude and direction of R, but we lose the correct line of action, because R obtained in this way does 

not pass through A. Therefore  this two of combination should be avoided. 

We can express the sum of the two forces mathematically by the vector equation 
 

R=F1+F2 
 

 

 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 3 
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Vector Components 
In addition to combining forces to obtain their resultant, we often need to replace a force by its 

vector components in directions which are convenient for a given application. The vector sum of the 

components must equal the  original vector. Thus, the force R in Fig. 3a may be replaced by, or .resolved 

into, two vector components F1 and F2 with the specified directions by completing the parallelogram as 

shown to obtain the magnitudes of F1and F2. 

The relationship between a force  and its vector components along given axes must not be 

contused with the relationship between a force and its perpendicular  projections onto the same axes. 

Fig.3e shows the perpendicular projections Fa and Fb of the given force R onto axes a and b, which are 

parallel to the vector components F1 and F2 of Fig.3a. Figure 3e shows that the components of a vector 

are not necessarily equal to the projections of the vector onto the same axes. Furthermore, the vector sum 

of the projections Fa and Fb is not the vector R, because the parallelogram law of vector addition must be 

used to form  the sum. The components and projections of R are equal only when the axes a and b are 

perpendicular. 
 
A Special Case of Vector Addition 
 

To obtain the resultant when the two forces Fl and F2 are parallel as in Fig. 4, we use a special 

case of addition. The two vectors are combined by first adding two equal, opposite, and collinear forces F 

and -F of convenient magnitude, which taken together produce no external effect on the body. adding  F1 

and F to produce R1 , and combining with the sum R2 of F2 and F yield the resultant R, which is correct 

in magnitude, direction, and line of action. This procedure is also useful for graphically combining two 

forces which have a remote and inconvenient point of concurrency because they are almost parallel. 

 

 

Figure 4 
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Rectangular Components 
The most common two dimensional resolution of a force vector is into rectangular components. It follows 

from the parallelogram rule that the  vector F of Fig. 5 may be written as 

F=Fx +Fy 

Where Fx and Fy  are vector components of F in the x- and y-direction. 

For the force vector of Fig. 5, the x and y scalar components arc both positive and are related to the 

magnitude and direction of F by 

 
 
 
 …... Eqs.1  
 
 
 
Determining the Components of a Force 
 

Dimensions are not always given in horizontal and vertical directions, angles need not be measured 

counterclockwise from the x-axis, and the origin of coordinate need not be on the line of action of a force. 

Therefore, it is essential that we be able to determine the correct components of a force no matter how the 

axes are oriented or how the angles are measured. Figure 6 suggests a few typical examples of vector 

resolution in two dimensions. 

Memorization of Eqs.1 is not a substitute for understanding the parallelogram law and for 

correctly projecting a vector onto a reference axis. A neatly drawn sketch always he1p6 to clarify the 

geometry and avoid error. 

Rectangular components arc convenient for finding the sum or resultant R of two forces which are 

concurrent. Consider two forces F1and F2 which are originally concurrent at a point O. Figure 7 shows 

the line of action of F2 shifted from O to the tip of F1accoding to the triangles rule of Fig. 3 In adding the 

force vectors F1 and F2, we may write 

 

 

 
 
 
 From which we conclude that 
 

……2  
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Figure 6 

  

 
 
The term ΣFx means "the algebraic sum of the x scalar components". For" the example- shown In Fig. 7, 
note  that the scalar component F2y would be negative. 
 

 
 

Figure 7 
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Examples 
Example 1 
 
Combine the two forces p and T, which act on the fixed structure at B, into a single equivalent force R.  

 
Graphical solution  
The parallogram for the vector addition of forces T and P is  
 constructed as shown in Fig.a . the approxmate scale used  
here is 1cm=400n; a scale of 1cm = 100 N would be more 
 suitable for regular- size paper and would give greater 
accuracy. Note  that the angle α must be determined prior to 
construction of the parallogram. From the given figure 

 
 

Measurment of the length R and direction θ of the resultant force  
R yield the approximate results  

 
 
Geometric solution  
The triangle for the vector addition of T and P is shown in Fig, b.  
the angle α is calculated as above. The law of cosines gives   

frome the law sines, we may determine the angle θ which orients R. 
 thuse,    

 
Algebric solution  
By using  the x-y coordinate system on the given figure,  

 7

we may write  

 
The magintude and direction of the resultant force R as shown 
in Fig, c are then  

 
 
 



 
Examples 2: 
 
Determine the magnitude of the resultant force and its direction measured clockwise from 

the positive x axis. 

Units Used: 

kN = 103 N 

Given: 
F1 = 20 kN 
F2 = 40 kN 
F3 = 50 kN 
θ = 60 deg 
c = 1 
d = 1 
e = 3 
f = 4 

 
 
Solution: 
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Example 3  
 
A resultant force F is necessary to hold the ballon in place. Resolve this force into components 

along the tether lines AB and AC, and compute the magnitude of each component. 

Given: 

F = 350 lb 

θ 1 = 30 deg 

θ 2 = 40 deg  

 

 

 

 

 

 

 

 

Solution: 
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Problems 
 
The post is to be pulled out of the ground using two ropes A and B. Rope A is subjected to force 

F1 and is directed at angle θ1 from the horizontal. If the resultant force acting on the post is to be 

FR, vertically upward, determine the force T in rope B and the corresponding angle θ. 

Given: 

FR = 1200 lb 

F1 = 600 lb 

θ1 = 60 deg 

 

 

 

 

 

 
 
 
The plate is subjected to the forces acting on members A and B as shown. Determine the magnitude of the 

resultant of these forces and its direction measured clockwise from the positive x axis. Given: 

FA = 400 lb 

FB = 500 lb 

θ1 = 30 deg 

θ = 60 deg 
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1/ The two structural members, one of which is in tension 
and the other in compression, exert the indicated 
forces on joint 0. Determine the magnitude  of the resultant R of the two forces and the angle θ which R 
makes with the positive x-axis. 
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Lecture 2 
 
Moment 
 
In addition to the tendency to move a body in the direction of its 

application, a force can also tend to rotate a body about an axis. The 

axis may be any line which neither intersects nor is parallel to the 

tine of action of the force. This rotational tendency is known as the 

moment M of the force. Moment is also refereed to as torque. 

As a familiar example of the concept of moment, consider. the pipe 

wench of Fig. a. One effect of the force applied perpendicular to the 

handle  of the wench is the tendency to rotate  the pipe about its 

vertical axis. The magnitude of this tendency depends on both the 

magnitude F of the force and the effective length d of the wrench 

handle. Common experience shows that a pull which is not 

perpendicular to the  wrench handle is less effective than the right-

angle pull shown. 

Moment about a Point 
 
Figure b shows a two-dimensional body acted on by a force F in its 

plane. The magnitude of the moment or tendency of the force to 

rotate the body about the axis O-O perpendicular to the plane of the 

body is proportional both to the magnitude of the force and to the 

moment arm d, which is the perpendicular distance from the axis to 

the line of l action of the force. Therefore ,the magnitude of  the 

moment is defined as  

 

The moment is a vector M perpendicular to the plane of the body. 

The sense of M depends on the direction in which F tends to rotate 

the body The right-hand rule, Fig.1c, is used to identify this sense. 

We represent the moment of F about O-O as a vector pointing in 

the direction of the thumb, with the finger curled in the direction of 

the relational tendency. 

The moment M obeys all the rules of vector combination and may 

be considered a sliding vector with a line of action coinciding with 

the moment axis. The basic units of moment in SI units are 

Newton-meters (N.m), and in the U.S. customary system are 

pound-feet (ob-ft). Figure 1 
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When dealings with forces which all act in a given plane, we customarily speak of the moment about a 

point. By this we mean the moment with respect to an axis normal to the plane and passing through the 

point. Thus, the moment of force F about point A in Fig.d  has the magnitude M =Fd and is 

counterclockwise. 

Moment directions may be accounted for by using a stated sign convention. such as a plus sign (+) for 

counterclockwise moment and a minus sign! (+) for clockwise moments, or vice versa. Sign consistency 

within a given problem is essential. For the sign convention of Fig.d, the moment of F about point A (or 

about the z-axis passing through point A) is positive. The curved arrow of the figure is a convenient way 

to represent moments in two-dimensional analysis. 

Varignon,s theorem  
 One of the useful principles of mechanics is Varignon,s theorem, which states that the moment of 

a force about any point is equal to the sum of the moment of the components of the force about the same 

point.  
To prove this theorem, consider the force R acting in the plane of the body shown in Fig. 2a. The forces P 

and Q represent any two nonrectangular components of R. The moment of R about point O is 

 

Mo=r x R 
Because R=P + Q, we may write 

r x R=r x (P+Q) 

Using the distributive law for cross products, we have 

                                          Mo=r x R= r x P+ r x Q           ………… 

which says that the moment of R about O equals the sum of the moments about O of its components P 

and Q. This proves the theorem. 

Varignon's theorem need not be restricted to the case of two component, but it applies equally 

well to three or more. Thus we could have used any number of concurrent components of R in the 

foregoing proof 

 figure 2b illustrates the usefulness of Varignon's theorem. The moment of R about point O is Rd. 

However, if d is more difficult to determine than p and q, we can resolve R into the components P and Q, 

and compute the moment as 

Mo =Rd= -pP + qQ 

where we take the clockwise moment sense to be positive. Sample Problem 1 shows how Varignon's 

theorem can help us to calculate moments. 

 

 

 

 

 

 



 

Figure 2 

  

 

 

 

 

 

 

Examples 
 
Example 1 
 
Calculate the magnitude of the moment about the base point O of the 600N  force in five different way  
 
Solution  

(I) The moment arm to the 600-N force is  

                    d = 4 cos 40˚ + 2 sin 40˚ = 4.35 m 

(1) By M = rd the moment is clockwise and his the magnitude 

                    Mo = 600(4. 35) = 2610 N.m 

(II) Replace the force by its rectangular components at A 

                    F1= 600 cos 40˚ = 460 N,      F2 = 600 sin 40˚= 386N  

(2)By Varignon's theorem, the moment becomes 

                    Mo = 460(4) + 386(2) = 2610N  

(III) By  the principle of transmissibility, move the 600-N force 

along its line of action to point B, which eliminates the moment of 

the component  F2. The moment arm of F1 becomes  

                     d1 = 4 + 2 tan 40˚ = 5.68 m  

and the  moment is  

                    Mo = 460(5.68) = 2610 N.m 

(3) (IV) Moving  the force to point C eliminates the moment of the 

component F1. The moment am of  F2  becomes 

                     d2 = 2 + 4 cos40˚ = 6.77 m  

and the  moment is  

                      Mo = 386(6.77) + 2610 N.m 
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Example 2 
Determine the angle θ (0 <= θ <= 90 deg) so that the force F develops a clockwise moment M 

about point O. 

Given: 

F = 100 N               φ = 60 deg 

M 20 = N.m             a = 50 mm 

θ = 30 deg               b = 300 mm 

 

Solution: 
Initial Guess  θ = 30 deg 

Given 

M=Fcos(θ )(a+bsin(φ ))− F sin(θ )(b cos(φ )) 

θ = Find(θ ) θ = 28.6 deg 

 
Example 3 
 Determine the magnitude and directional sense of the moment of the forces  

(1) about point O. 

(2) about point P. 

Given: 

FB = 260 N e = 2 m 

a = 4 m             f = 12 

b = 3 m            g = 5 

c = 5 m            θ = 30 deg 

d = 2 m            FA = 400 N 

 
 
 
Solution: 
 

(1)  

 
 
 
 
 
 
 

 
 
 
(2) 
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Problems  
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Lecture 3  

Couples  
The moment produced by two equal, opposite, and noncollinear forces is 

called a couple. couples have certain unique properties and have important 

applications in mechanics.  

Consider the action of two equal and opposite forces F and -F a 

distance d apart, as shown in lfig.1a . These two forces cannot be combined 

into a single force because their sum in every direction is zero. Their only 

effect is to produce a tendency of rotation. The combined moment of the 

two forces about an axis normal  to their plane and passing through any 

point such as O in their plane is the couple M. This couple has a magnitude  

M= F(a+b)-Fa  

Or                                          M= Fd 

 

Its direction is counterclockwise when viewed from above for the case 

Illustrate. Note  especially that the magnitude of the couple  is  dependent of 

the distance a which locates the forces with respect to the moment center 0. 

lt follows that the moment of a couple has the same value for all moment 

centers. 

Vector Algebra Method 
We may also express the moment of a couple by using vector algebra. With 

the  cross product Eq. the combined moment about point 0 of the couple of 

Fig. 1b is  

M = rA x F + rB x (-F) = (rA – rB) xF 

where rA and rB are position vector which run from point O to arbitrary 

points A and B on the tines of action of F and -F, respectively. Because rA - 

rB = r, we can express M as                   

M = rx F 

 

Here  again, the moment expression contains no reference to the moment 

center 0 and, therefore, is the same for all moment centers. Thus, we may 

represent M by a free vector, as shown in Fig. 1c, where the direction of M 

is normal to the plane of the couple and sense of M is established by the 

right-hand rule. 

 
Figure 1 
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Because the couple vector M is always perpendicular to the plane of the forces which constitute 

the couple, in two dimensional analysis we can represent the sense of couple vector as clockwise or 

counterclockwise by one of the convention shown in fig.1d. later, when we deal with couple vectors in 

three-dimensional problems, we will make full use of vector notation to represent them, and the 

mathematics will automatically account for their sense.  

Equivalent Couples 
Changing the values of  F and d does not change a given couple as long as the product Fd remains the 

same. Likewise, a couple is not affected if the forces act in a different but parallel plane. Figure 2 shows 

four different configurations of the same couple M. In each of the four cases, the couples are equivalent 

and are described by the same free vector which represents the identical tendencies to rotate the bodies. 

 

Figure 2 

  

 

 

 
 
 
 
 
 
Force-Couple Systems 
 

The effect of a force acting on a body is the tendency to push or pull the body in the direction of 

the force, and to rotate the body about any fixed axis which does not intersect the line of the force. We 

can represent this dual effect more easily by replacing the given force by an equal parallel force and a 

couple to compensate for the change in the moment  of the force.  

The replacement of a force by a force and a couple is illustrated in Fig. 3, where the given force F 

acting at point A is replaced by an equal force F at some point B and the counterclockwise couple M = 

Fd. The transfer is seen in the middle figure, where the equal and opposite forces F and -F are added at 

point B without introducing any net external effects on the body. We now see that the original force at A 

and the equal and opposite one at B constitute the couple M = Fd, which is counterclockwise for the 

sample chosen, as shown in the right-hand part of the figure. Thus, we have replaced the original force at 

A by the same force acting at a different point B and a couple, without altering the external effects of the 

original force on the body. The combination of the force and couple in the right-hand part of Fig.3 is 

referred to as a force-couple system. 

By reversing this process, we can combine a given couple and a force which lies in the plane of 

the couple (normal to the couple vector) to produce a single, equivalent force. Replacement of a force by 

an equivalent force-couple system, and the reverse procedure, have many applications in mechanics and 

should be mastered.  
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Figure 3 

  

 

 

 
 
 
 
 
 
Examples  
 
Example 1  
The rigid structural member is subjected to a couple consisting of the two 

100-N forces. Replace this couple by an equivalent couple consisting of 

the two forces P and –P, each of which has a magnitude of 400 N. 

Determine the proper angle θ. 

 
Solution  
The original couple is counterclockwise when the plane of the forces is 

viewed from above, and its magnitude is 

[M = F d] 

 M = 100(0.1) = 10 N.m 

The forces P and –P produce a counterclockwise couple  

M = 400(0.040)cosθ 

Equating the two expression gives 

10 = 400(0.040) cosθ 

  θ = cos (10/16) = 51.3˚ 

 

 

Example 2 
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Replace the horizontal 400-n force acting on the lever by an equivalent 

system consisting of a force at O and a couple. 

Solution 

We apply two equal and opposite 400-N  forces at o and identify 

counterclockwise couple  

[M = F d] 

M = 400(0.200sin60˚ ) = 69.3 N.m 

Thus, the original force is equivalent to the 400-n forces at 0 and the 69.3 

N.m couple as shown in third of the three equivalent figures  
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Lecture 4 
Resultant 

The properties of force, moment, and couple were developed in the previous four lecture. Now we 

are ready to describe the resultant action of a group or system of forces. Most problems in mechanics deal 

with a system of forces, and it is usually necessary to reduced the system to its simplest form  to describe 

its action. The .resultant of a system of forces is the simplest force combination which can replace the 

original forces without altering the external effect on the rigid body to which the forces are applied.  

Equilibrium of a body is the condition in which the resultant of all forces acting on the body is zero. This 

condition is studied in statics. When the resultant of all forces on a body is not zero, the acceleration of 

the body is obtained by equating the force resultant to the product of the mass and acceleration of the 

body. This condition is studied in dynamics. Thus, the determination of resultants is basic to both statics 

and dynamics  

 The most common type of force system occurs when the forces all act in a single plane, say, the 

x-y plane, as illustrated by the system of three forces F1, F2, and F3 in Fig. 1. We obtain the magnitude 

and direction of the resultant force R by forming the force polygon shown in part b of the figure, where 

the forces are added head to-tail in any sequence. Thus, for any system of coplanar forces we may write 

 
 
 
 
 
Graphically, the correct line of action of R may be obtained bv preserving the correct lines of action of 

the forces and adding them by the parallelogram law. We see this in part a of the figure for the case of 

three forces where the sum R1 of F2 and F3 is added to F1 to obtain R. The principle of transmissibility 

has been used in this process. 

 

Figure 1 

 
 

 

 

 

 

 

 

Algebraic. Method 
We can use algebra to obtain the resultant force and its line of action  

1. Choose a convenient reference point and move all forces to that point. This process is depicted for a 

three-force system in Figs.2a and b, where M1, M2, and M3 are the couples resulting from the transfer of 

forces F1, F2, and F3 from their respective original lines of action to lines of action through point O. 
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2. Add all forces at O to form the resultant force R, and add all couples to form the resultant couple Mo. 

We now have the single force-couple system, as shown in  Fig. 2c. 

3. In Fig. 2d, find the line of action of R by requiring R to have a moment of Mo about point O. Note that 

the force systems of Figs.2a and  ,2d. are equivalent, and that Σ(Fd) in Fig. 2a is equal to Rd in Fig. 2d  

 

Figure 2 

  

 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
principle of Moments 
This process is summarized in equation form by 

 
 

……….2  
 
 
 
 
The first  two of Eqs.2 reduce a given system of forces to a force- couple system at an arbitrarily chosen 

but convenient point O. The last equation specifies the distance d from point O to the line of action of R, 

and states that the moment of the resultant force about any point O equals the sum of the moments of the 

original forces of the system about the same point. This extends Varignon's theorem to the case of 

nonconcurrent force system; we call this extension the principle of moments . for a concurrent system of 

forces where the lines of action of all forces pass through a common point O, the moment sum ΣMo about 

that point is zero. Thus, the line of action of the resultant R = ΣF, determined by the first of Eqs. 2, passes 

though point O. For a parallel force system, select a coordinate axis in the direction of the forces. If the 

resultant  force R for a given force system is zero, the resultant of the system need not be zero because the 
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resultant may be a couple. The three forces in Fig. 3, for instance, have a zero resultant force but have a 

resultant clockwise couple M=F3d 

 

 

Figure 3 

  
 
 
 
 
 
 
 
 
 
 
 
Examples 
Example1 
Determine the resultant of the four  forces and one couple which act on the 

plate shown.  

 

Solution 

Point 0 is selected as a convenient reference point for the force-couple 

system that is to represent the given system  

 

 
The force-couple system consisting of R and Mo is shown in Fig.a 

 We now determine the final line of action of R such that R alone 

represents the original system 

 
 
Hence, the resultant R may be applied at point on the line which makes a 

63.2˚ angle with the x-axis and is tangent at point A to a circle of 1.6m 

radius with center 0, as shown in part b of the figure. We apply the equation 
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Rd=Mo in an absolute-value sense (ignoring any sign of Mo) and let the physics of the situation, as 

depicted in Fig.a, dictate the final placement of R. had Mo been counterclockwise, the correct line of 

action of R would have been the tangent at point B. 

 The resultant R may also be located by determining its intercept distance b to point C on the x-

axis, Fig.c. with Rx and Ry acting through point C, only Ry exerts a moment about 0 so that  

 

 

 
 
 
Alternatively, the y-intercept could have been obtained by noting that the moment about 0 would be due 
to Rx only. 
 
Example 2 
An exhaust system for pickup truck is shown in the Figure. The weights Wh, Wm, and Wt of the headpipe, 

muffler, and tajlpipe are 10, 100. and 50 N, respectively, and act at the indicated points. If the exhaust 

pipe hanger at point A is  adjusted so that its tension FA is 50 N, determine the  required forces in the 

hangers at points B, C, and D so that the force couple system at point O is zero. Why is a zero force 

couple system at O desirable? 

  

 

 

 
 
 
 
 
 
 Solution 
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Example 3 
 
The flanged steel cantilever beam with riveted bracket is subjected to the couple and two forces shown, 

and their effect on the design of the attachment at A must be determined. Replace the two forces and 

couple by an equivalent couple M and resultant force R at A  

 

 
 
 
 
 
 
 
 
 
 
Solution  
 
 

 
 
 
 
 
 
 
 
 
  

 
 
 
 

The force –couple system is  
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Problems 
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Lecture 5 

Equilibrium  
Static deals primarily with the description of the force conditions necessary and sufficient to 

maintain the equilibrium of engineering structures.  

When body is equilibrium, the resultant of all forces acting on it is zero. Thus, the resultant force 

R and the resultant couple m are both zero, and we have the equilibrium equations 

   

 
These requirements are both necessary and sufficient conditions for equilibrium. 

All physical bodies are three-dimensional, but we can treat many of them as two-dimensional 

when the forces to which they are subjected act in a single plane or can be projected onto a single plane. 

When this simplification is not possible, the problem must be treated as three 

System Isolation And  The Fee- body  Diagram  
 

Before we apply Eqs.3/1, we must define unambiguously the particular body or mechanical 

system to be analyzed and represent clearly and completely all forces actins oz the body. Omission of a 

force which acts on the body in question, or inclusion of a force which does not act on the body, will give 

erroneous results. A mechanical system is defined as a body or group of bodies which can be 

conceptually isolated from all other bodies. A system may be a single body or a combination of connected 

bodies. The bodies may be rigid or non rigid. The system may also be an identifiable fluid mass, either 

liquid or gas, or a combination of fluids and solids. In statics we study primarily forces which act on rigid 

bodies at rest, although we also study forces actins on fluids in equilibrium. Once we decide which body 

or combination of bodies to analyze, we then treat this body or combination as a single body isolated 

from all surrounding bodies. This isolation is accomplished by means of the free body diagram, which is 

a diagrammatic representation of the isolated system treated as a single body. The diagram shows all 

forces applied to the system by mechanical contact with other bodies, which are imagined to be removed 

If appreciable body forces are  present. Such as gravitational  or magnetic attraction, then these forces 

must also be shown on the free-body diagram of the isolated system. 

Only after such a diagram has been carefully drawn should the equilibrium equations be written. 

Because of its critical importance, we emphasize here that 

 

 
Before attempting to &aw a free-body diagram, we must recall the basic characteristics of force. These 

chrematistics were described in Art. 2/2, with primary attention focused on the vector properties of force. 

Forces can be applied either by direct physical contact or by remote action. Forces car be either internal 

or external to the system under consideration. Application of force is accompanied by reactive force, and 

both applied and reactive forces may be either concentrated  or distributed. The principle of 
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transmissibility permits the treatment of force as a sliding vector as far as its external effects on a rigid 

body are concerned. 

We will now use these force characteristics to develop conceptual models of isolated mechanical systems. 

These models enable us to write the appropriate equations of equilibrium, which can then be analyzed. 

Modeling the Action of Forces 
Figure 1 shows the common types of force application on mechanical systems for analysis in two 

dimensions. Each example shows the force exerted on the body to be isolated, by the body to be removed. 

Newton's third law, which notes the existence of an equal and opposite reaction to every action, must be 

carefully observed. The force exerted on the body in question by a contacting or supporting member is 

always in the sense to oppose the movement of the isolated body which would occur if the contacting or 

supporting body were removed.  
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Typical examples of actual supports that are referenced to Fig.1 are shown in the following sequence of 

photo 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 

 

In Fig. 1, Example 1 depicts the action of a flexible cable, belt, rope, or chain on the body to 

which it is attached. Because of its flexibility, a rope or cable is unable to offer any resistance to bending, 

shear, or compression and therefore exerts only a tension force in a direction tangent to the cable at its 

point of attachment. The force exerted by the cable on the body to which it is attached is always away 

from the body. When the tension T is large compared with the weight of the cable, we may assume that 

the cable forms a straight line. When the cable weight is not negligible compared with its tension, the sag 

of the cable becomes, important, and the tension in the cable changes direction and magnitude along its 

length. 

When the smooth surfaces of two bodies are in contact. as in Example2 The force exerted by one on the 

other is normal to the tangent 

to the surfaces and is compressive, Although no actual surfaces are perfectly smooth, we can assume this 

to be so for practical purposes in many instances. 
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When mating surfaces of contacting bodies are rough, as in Example3 , the force of contact is not 

necessarily normal to the tangent to the surfaces, but may be resolved into a tangential or frictional 

component F and a normal component N. 

Example 4 illustrates a number of forms of mechanical support which effectively eliminate tangential 

friction forces. ln these cases the net reaction is normal to the supporting surface Example 5 shows the 

action of a smooth guide on the body it supports. There cannot be any resistance parallel to the guide   
 

Example 6 illustrates the action of a pin connection. Such a connection can support force in any 

direction normal to the axis of the pin We usually represent this action in terms of two rectangular 

components. The correct sense of these components in a specific problem depends on how the member is 

loaded. when not otherwise initially known, the sense is arbitrarily assigned and the equilibrium equation 

are then written. If the solution of these equations yields a positive algebraic sign for the force 

component, the assigned sense is correct. A negative sign indicates the sense is opposite to that initially 

assigned. 

If the joint is free to turn about the pin, the connection can support only the force R. If the joint is 

not free to turn, the connection can also support a resisting couple M. The sense of M is arbitrarily shown 

here, but the true sense depends on how the member is loaded. 

Example 7 shows the resultants of the rather complex distribution of force over the cross section 

of a slender bar or beam at a built-in or fixed support. The sense of the reactions F and V and the bending 

couple M in a given problem depends of course, o how the member is loaded. 

One of the most common forces is that due to gravitational attraction, Example 8. This force 

affects all elements of mass in a body and is, therefore. distributed throughout it. The resultant of the 

gravitational forces on all elements is the weight W = mg of the body, which passes through the center of 

mass G and is directed toward the center of the earth for earthbound structures The location of G is 

frequently obvious from the geometry of the body, particularly where there is symmetry. When the 

location is not readily apparent, it must be determined by experiment or calculations. 

Similar remarks apply to the remote action of magnetic and electric forces. These forces of remote 

action have the same overall effect on a rigid body as forces of equal magnitude and direction applied by 

direct. 

Example 9 illustrates the action of a linear elastic spring and of a nonlinear spring with either 

hardening or softening characteristics. The force exerted by a linear spring, in tension or compression, is 

given by F = kx, where k is the stiffness of the spring and x is its deformation measured from the neutral 

or unreformed position. 

The representations in Fig. 1 are not free-body diagrams, but are merely elements used to 

construct free body diagrams. Study these nine conditions and identify them in the problem work so that 

you can draw the correct free-body diagrams. 
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Construction of Free-Body Diagrams 
The full procedure for drawings a free-body diagram which isolates a body or system consists of the 

following steps 

Step 1. Decide which system to isolate The system chosen should usually involve one or more of the 

desired unknown quantities. 

Step 2. Next isolate the chosen system by drawing a diagram which represent its complete external 

boundary. This boundary defines the isolation of the system from all other attracting or contacting bodies, 

which are considered removed This step is often the most crucial of all. Make certain that you have  

completely isolated the system before proceeding with the next step. 

Step 3. Identify{y all forces which act oz the isolated system as applied  by the removed contacting and 

attracting bodies, and represent them in their proper positions on the diagram of the isolated system Make 

a systematic traverse of the entire boundary to identify all contact forces. Include body forces such as 

weights, where appreciable. Represent . all known forces by vector arrow, each with its! Proper 

magnitude, direction, and sense indicated. Each unknown force should be represented by a vector arrow 

with the unknown magnitude or direction indicated by symbol. if the sense of the vector is also unknown, 

you must arbitrarily assign a sense. The subsequent calculations with the equilibrium equations will yield 

a positive quantity if the incorrect sense was assumed and a negative quantity  if the incorrect sense was 

assumed. it is necessary to be consistent with the assigned characteristics of unknown forces throughout 

all of the calculations. If you are consistent, the solution of the equilibrium equations will reveal the 

correct senses. 

Step 4. Show the choice of coordinate axes directly on the diagram Pertinent dimensions may also be 

represented for convenience. Note, however., that the free-body diagram serves the purpose of focusing 

attention on the action of the external forces, and therefore the diagram should not be cluttered with 

excessive extraneous information. Clearly distinguish force arrows from arrows representing quantities 

other than forces. for this purpose a colored pencil may be used. 

Completion of the foregoing four steps will  produce a correct free-body diagram to use in applying the 

governing equations, both in statics and in dynamics. Be careful not to omit from the free-body diagram 

certain forces which may not appear at first glance to be needed in the calculations. lt is only through 

complete isolation and a systematic representation of all eternal forces that a reliable accounting of the 

effects of all applied and reactive forces can be made. very often a force which at first glance may not 

appear to influence a desired result does indeed have an influence. Thus. the only safe procedure is to 

include on the free-body diagram all forces whose magnitudes are not obviously negligible. The free-

body method is extremely important in mechanics because it ensures an accurate definition of a 

mechanical system and focuses 

attention on the exact meaning and application of the force laws of statics and dynamics. Review the 

foregoing four steps for constructing a free-body diagram while studying the sample free-body diagrams 

shown in Fig. 2 . 



Examples of Free-Body Diagrams 
Figure 2 gives four examples of mechanisms and structures together with their correct free-body 

diagrams. Dimensions and magnitudes are omitted for clarity. In each case we treat the entire system as a 

single body, so that the internal forces are not shown The characteristics of the various types of contact 

forces illustrated in Fig 1 are used in the four examples as they apply 

 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 2  
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Examples 
Example 1 
Determine the magnitudes of the forces C and T, which, along with the other Forces shown, act on the 

bridge-truss joint.  

 40

 

Solution  

 The given  sketch constitutes the free-body diagram of the isolated 

section of the joint in question and shows the five forces which ere 

in equilibrium 

 

 

Solution 1 (scalar algebra): for the x-y axes as shown we have  

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
  



Example 2 
 
Calculate the tension t in the cable which supports the 500-kg mass 

with the pulley arrangement shown. Each pulley is free to rotate about 

its bearing, and the weights of all parts are small compared with the 

load. Find the magnitude of the totl force on the bearing of pulley C.  
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Example 3 
 
Determine the magnitude T of the tension in supporting cable and the magnitude of the force on pin at A 
for the jip crane shown. The beam AB is a standarad 0.5-m I-beam with a mass of 95 kg per meter of 
length.  
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Example 4  
 
The link shown in Fig. a is pin-connected at A and rests against a smooth support at B. Compute the 

horizontal and vertical components of reaction at pin A.  

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Solution  
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Problems  
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Lecture 6 
Friction  
 
Tangential forces generated between contacting surfaces are called friction forces and occur to some 

degree in the interaction between all real surfaces. whenever a tendency exists for one contacting surface 

to slide along another surface, the friction forces developed are always in a direction to oppose this 

tendency In some types of machines and processes we want to minimize the retarding effect of friction 

forces. Examples are bearings of all types, power screws, gears, the flow of fluids in pipes, and the 

propulsion of aircraft and missiles through the atmosphere. In other situations we wish to maximize the 

effects of friction, as in brakes, clutches, belt drives, and wedges. Wheeled vehicles depend on friction for 

both starting and stopping, and ordinary walking depends on friction between the shoe and the ground. 

Friction forces are present throughout nature and exist in all machine so matter how accurately 

constructed or carefully lubricated. A machine or process in which friction is small enough to be 

neglected is said to be ideal. When friction must be taken into account, the machine or process is termed 

real. In all real cases where there is sliding motion between parts, the friction forces result in a loss of 

energy which is dissipated in the form of heat. Wear is another effect of friction. 

 

Friction Phenomena  

Types of Friction 
(a) Dry Friction.  Dry friction occurs when the unlubricated surfaces of two solids are in contact under a 

condition of sliding or a tendency to slide. A friction force tangent to the surfaces of contact occurs both 

during the interval leading up to impending slippage and while slippage takes place. The direction of this 

friction force always opposes the motion or impending motion. This type of friction is also called 

Coulomb friction. The principles of dry or Coulomb friction were developed largely from the experiments 

of Coulomb in 1781 and from the work of Morin from 1831 to 1834. Although we do not yet have a 

comprehensive theory of dry friction, in Art. 6/3 we describe an analytical model sufficient to handle the 

vast majority of problems involving dry friction.  

(b) Fluid Friction. Fluid friction occurs when adjacent layers fluid (liquid or gas) are moving at different 

velocities. This motion causes frictional forces between fluid elements, and these forces depend on the 

relative velocity between layers. When there is no relative velocity, there is no fluid friction. Fluid 

friction depends not only on the velocity gradients within the fluid but also on the viscosity of the fluid, 

which is a measure of its resistance to shearing action between fluid layers. Fluid friction is treated in the 

study of fluid mechanics and will not be discussed further in this book. 

(c) Internal Friction.  Internal friction occurs in all solid materials which are subjected to cyclical 

loading. For highly elastic materials the recovery from deformation occurs with very little loss of energy 

due to internal friction. For materials which have low limits of elasticity and which undergo appreciable 

plastic deformation during loading, a considerable amount of internal friction may accompany this  



 

deformation. The mechanism of internal friction is associated with the action of shear deformation, which 

is discussed in references on materials science. 

 

Dry Friction  
Mechanism of Dry Friction 

Consider a solid block of mass m resting on a horizontal surface, as shown in Fig. 1a.We assume that the 

contacting surfaces have some roughness. The experiment involves the application of a horizontal force P 

which continuously increases from zero to a value sufficient to move the block and give it an appreciable 

velocity. The free-body diagram of the block for any value of P is shown in Fig.1b, where the tangential 

friction force exerted by the plane on the block is labeled "F'. This friction force acting on the body will 

always be in a direction to oppose motion or the tendency toward motion of the body. There is also a 

normal force N which in this case equals mg, and the total force R exerted by the supporting surface on 

the block is the resultant of N and F. 

A magnified view of the irregularities of the mating surfaces, Fig.1c, helps us to visualize the 

mechanical action of friction. Support is necessarily intermittent and exists at the mating humps, The 

direction of each of the reactions on the block, R1, R2, R3, etc. depends not only 

 

 

Figure 1 
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on the geometric profile of the irregularities but also on the extent of local deformation at each contact 

point. The total normal force N is the sum of the n-components of the R's, and the total frictional force F 

is the sum of the t-components of the R's. when the surfaces are in relative motion, the contacts are more 

nearly along the tops of the humps, and the t-components of the R's are smaller than when the surfaces 

are at rest relative to one another. This observation helps to explain the well known fact that the force P 

necessary to maintain motion is generally less than that required to start the block when the irregularities 

are more nearly in mesh. 

If we perform the experiment and record the friction force F as a function of P, we obtain the relation 

shown in Fig. 1d. when P is zero,  equilibrium requires that there. be no friction force. As p is increased 

the friction force must be equal and opposite to p as long as the block does not slip. During this period the 

block is in equilibrium, and all forces acting on the block must satisfy the equilibrium equations. Finally, 

we reach a value of P which causes the block to slip and to move in the direction of the applied force. At 

this same time the friction force decreases slightly and abruptly. It then remains essentially constant for a 

time but then decreases still more as the velocity increases. 

Static Friction 
The region in Fig. 1d up to the point of slippage or impending motion is called the range of static 

friction, and in this range the value of the friction force is determined by the equations of equilibrium. 

This friction force may have any value from zero up to and including the maximum value. For a given 

pair of mating surfaces the experiment shows that this maximum value of static friction Fmax is 

proportional the normal force N. Thus. we may write 

 ….. equ. 1 
 
 
 
where μs is the proportionality constant, called the coefficient of static friction. Be aware that Eq. 1 

describes only the limiting or maximum value Of the static friction force and not any lesser value. Thus, 

the equation applies only to cases where motion is impending with the friction force at its peak value. For 

a condition of static equilibrium when motion is not impending, the static friction force is 

 
 
Kinetic Friction 

After slippage occurs, a condition of kinetic friction accompanies the ensuing motion. Kinetic 

friction force is usually somewhat less than the maximum static friction force. The kinetic friction force 

Fk, is also proportional to the normal force. Thus. 

 
….. equ. 2  
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where μk is the coefficient of kinetic friction. It follows that μk is generally less than μs. As the velocity of 

the block increases, the kinetic friction decreases somewhat, and at high velocities, this decrease may be 

significant. Coefficients of friction depend greatly on the exact condition of the surfaces, as well as on the 

relative velocity, and are subject to considerable uncertainty. 

Because of the variability of the conditions governing the action friction, in engineering practice it 

is frequently difficult to distinguish between a static and a kinetic coefficient, especially in the region of 

transition between impending motion and motion. Well-greased screw threads under mild loads, for 

example, often exhibit comparable frictional resistance whether they are on the verge of turning or 

whether they are in motion. 

In the engineering literature we frequently find expressions for maximum static friction and for 

kinetic friction written simply as ,F=μN. It is understood from the problem at hand whether maximum 

static friction or kinetic friction is described. Although we will frequently distinguish between the static 

and kinetic coefficients, in other cases no distinction will be made, and the friction coefficient will be 

written simply as p,. In those cases you must decide which of the friction conditions, maximum static 

friction for impending motion or kinetic friction, is involved. We emphasize again that many problems 

involve a static friction force which is less than the maximum value at impending motion, and therefore 

under these conditions the friction relation Eq. 1 cannot be used. 

Figure 1c shows that rough surfaces are more likely to have larger angles between the reactions 

and the n-direction than do smoother surfaces. Thus, for a pair of mating surfaces, a friction coefficient 

reflects the roughness, which is a geometric property of the surfaces. With this geometric model of 

friction, we describe mating surfaces as "smooth" when the friction forces they can support are negligibly 

small. It is meaningless to speak of a coefficient of friction for a single surface. 

Factors Affecting Friction 
Further experiment shows that the friction force is essentially independent of the apparent or 

projected area of contact. The true contact area is much smaller than the projected va1ue, since only the 

peaks of the contacting surface irregularities support the load. Even relatively small normal loads result in 

high stresses at these contact points. As the normal force increases, the true contact area also increases as 

the material undergoes yielding, crushing, or tearing at the points of contact.  

A comprehensive theory of dry friction must go beyond the mechanical explanation presented here. For 

example, there is evidence that molecular attraction may be an important cause of friction under 

conditions where the mating surfaces are in very close contact. Other factors which influence dry friction 

are the generation of high local temperatures and adhesion at contact points, relative hardness of mating 

surfaces, and the presence of thin surface films of oxide, oil, dirt, or other substances, 
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Types of Friction Problems 
We can now recognize tine following three types of problems encountered in applications 

involving dry friction. The first step in solving a friction problem is to identify its type. 

 

(1) In the first type of problem, the condition of impending motion is known to exist. Here a body which 

is in equilibrium is on. the verge of slipping. and the friction force equals the limiting static friction Fmax= 

μs N. the equations of equilibrium will, of course, also hold. 

(2) In the second, type of problem, neither the condition of impending motion nor the condition of motion 

is known to exist. To determine the actual friction conditions, we first assume static equilibrium and then 

solve for the friction force F necessary for equilibrium. Three outcomes are possible: 

(a) F < (Fmax= μs N): Here the friction force necessary for equilibrium can be supported, and therefore the 

body is in static equilibrium as assumed. We emphasize that the actual friction force F is less than the 

limiting value Fmax given by Eq. 1 and that F is determined solely by the equations of equilibrium. 

(b) F = (Fmax= μs N): Since the friction force F is at its maximum value Fmax motion impends, as discussed 

in problem type (1). The assumption of static equilibrium is valid. 

(c) F > (Fmax= μs N): Clearly this condition is impossible, because the surfaces cannot support more force 

than the maximum μsN. The assumption of equilibrium is therefore invalid, and motion occurs. The 

friction force F is equal to μsN from Eq. 2. 

(3) In the third type of problem, relative motion is known to exist between the contacting surfaces, and 

thus the kinetic coefficient of friction clearly applies. For this problem type, Eq.2 always gives the 

kinetic friction force directly. 

The foregoing discussion applies to all dry contacting surfaces and to a limited extent, to moving surfaces 

which are partially lubricated. 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

Examples 

Example 1  
Determine the maximum angle θ which the adjustable incline may have with the horizontal before the 

block of mass m begins to slip. The coefficient of static friction between the block and the inclined 

surface is μs. 
 
 
Solution 

 The free-body diagram of the block shows its weight  

W = mg, the normal force N, and the friction force F exerted by the 

incline on the block. The friction force acts in the direction to 

oppose the slipping which would occur if no friction were present. 

Equilibrium in the x- and y-directions requires 

 

 
 
 
 
 
 

 
Example 2 

Determine the range of values which the mass mo may have so that the 100-kg block shown in the figure  

will neither start moving up the plane nor slip down the plane. The coefficient of static friction for the 

contact surfaces is 0.30. 
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Example 3 
The three flat blocks are positioned on the 30˚ incline as shown, and a force P parallel to the incline is 

applied to the middle block. The upper block is prevented from moving by a wire  which attaches it to the 

fixed support. The coefficient of static friction  for each of the three pairs of mating surface. is shown. 

Determine the maximum value which P may have before any slipping takes place. 
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Problems  
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