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4 EXPECTATIONS AND MOMENTS

An extremely useful concept in problems involving random variables or distri-
butions is that of expectation. The subsections of this section give definitions
and results regarding expectations.

4.1 Mean

Definition 10 Mean Let X be a random variable. The mean of X,
denoted by uy or &[X], is defined by:

(® E[X1 =2 x;fx(x) (4)
if X is discrete with mass points x;, X3, ..., X;, ....
(ii) S1X1= [ xfx (x)dx 5)

if X is continuous with probability density function fy(x).
] 0

Gii) E[X] = f [1 — Fy(x)] dx — j Fy(x) dx (6)
0 — o

for an arbitrary random variable X. il

EXAMPLE 10 Consider the experiment of tossing two dice. Let X denote
the total of the two dice and Y their absolute difference. The discrete
density functions for X and Y are given in Example 6.

5

g[y]=z}’jfr(yi)=I;J‘fr(i)=ﬂ"§%+ 1-12
+2 F+3-FH+4-FH+5-&%=3%
12
&lX] =I=z;lfx(£) =%

Note that &[ Y] is not one of the possible values of Y. I

EXAMPLE 11 Let X be a continuous random variable with probability
density function fy(x) = de™* 15, oy(%).

e1x1= |

@

xfy(x) dx = J':x;.e-" 25 s

A
The corresponding cumulative distribution function is

Fx(®) = (1 = €0, ()i 50 61X = [ 1 = Fa(]

[ Fa@dx =0 -1+ e dx=1a I
-~ 0
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EXAMPLE 12 Let X be a random variable with cumulative distribution
function given by Fx(x) = (1 — pe™*)o, «)(X); then

§[X] = j: [l = Fy(x)] dx — J' ’

-0

Fy(x) dx = -"u pe **dx = %

Here, we have used Eq. (6) to find the mean of a random variable that is
partly discrete and partly continuous. 1

EXAMPLE 13 Let X be a random variable with probability density function
given by fy(x) = x7 2}y ,)(x); then

© dx .
8[X]=| x—==Ilimlog, b=
[ ] '[l xz b~ co fe ’
so we say that £[X] does not exist. We might also say that the mean of X
is infinite since it is clear here that the integral that defines the mean is
infinite. il

4.2 Variance

The mean of a random variable X, defined in the previous subsection, was a
measure of central location of the density of X. The variance of a random vari-
able X will be a measure of the spread or dispersion of the density of X.

Definition 11 Variance Let X be a random variable, and let uy be
&[X). The variance of X, denoted by o3 or var [X], is defined by

(i) var [X] = zj‘, (x;— Jlx)zf x(x;) M
if X is discrete with mass points Xy, X3, ..., Xj, ...
(i) arll= | G-mh@d  ®

if X is continuous with probability density function fy(x).

(iif) var [X] = J':zx[l — Fy(x) + Fy(— )] dx — 2 )
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